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Abstract—The rapid advances in networking, mobile comput-
ing, and virtualization, lead to a dramatic increase in the traffic
demand. A cost-effective solution for serving it, while maintaining
a good quality of service (QoS), would be to offload a part of
the traffic originally targeted for cellular base stations (BSs) to a
WiFi infrastructure. Related work on the WiFi offloading often
considers markets with a single provider and omits parameters,
such as the effect of the offloading on the perceived QoS by
users, the capacity of the WiFi infrastructure, and competition
of providers. In contrast to these approaches, this paper develops
a detailed modeling framework for analysing the WiFi offloading
using network economics, game theory, and queueing networks. It
also proposes a novel network aggregation technique to reduce the
computational complexity of the analysis. Using this framework,
the performance of WiFi offloading was evaluated under various
scenarios with respect to the bandwidth of BSs and APs, coverage
of WiFi, and user preferences. Our results highlight that it is
not always profitable for providers to invest in a large WiFi
infrastructure. The limited capacity of the WiFi APs restricts the
benefits of the offloading.

I. INTRODUCTION

According to forecasts, the wireless traffic will exceed
the 24.3 exabytes per month worldwide by 2019 [1]. To
cope with this explosion of traffic demand, providers aim to
increase the capacity of their cellular networks. Traditional
solutions for expanding the capacity involve the leasing of
additional spectrum or the extension of the network infrastruc-
ture. However, such solutions are costly and time consuming.
A cost-effective alternative for increasing the capacity that has
received considerable attention is the data offloading: Part of
the mobile data traffic originally targeted for cellular networks
is served by the complementary network infrastructure that has
been deployed (e.g., based on a WiFi network, femtocells).

Most approaches that study the WiFi offloading claim that
it is beneficial for providers to offload as much traffic as pos-
sible to WiFi APs (e.g., [2]–[7]).Their main argument is that
a large volume of offloaded traffic alleviates the congestion in
cellular networks and reduces the operational costs. However,
such studies usually omit the effect of the limited capacity of
WiFi APs on the QoS and its long-term impact on the revenue
of providers. Only a few studies consider the effect of the
offloading on the QoS [8], [9]. However, they only focus on
the physical layer (e.g., on the achievable data rate and SINR)
and omit economic aspects, such as, the effect of the offloading
on the competition of multiple providers and user decisions.
In contrast to these approaches, this work develops a detailed
modeling framework for evaluating the performance of WiFi
offloading considering various technological and economic
aspects. It models markets with multiple competing providers

that can perform WiFi offloading and a population of users that
select their provider considering the offered prices and QoS.
Several questions drive this research: What is the optimal per-
centage of traffic that should be offloaded to a WiFi network?
How does the coverage of WiFi, user traffic demand, and
user preference affect it? What is its impact on users? Under
which cases is it beneficial for providers to invest in WiFi
infrastructure? To answer these questions, we have performed
an extensive analysis to evaluate the performance of WiFi
offloading under various scenarios based on the bandwidth of
cellular BSs, the coverage of the WiFi network, and the user
utility.

Our framework employs detailed queueing-theoretical
models of the networks of providers, base stations (BSs),
access points (APs), user arrivals, departures, and handovers
and provides methodologies and algorithms to analyse wireless
markets under a low computational complexity. It is also mod-
ular, in that, it can incorporate different user utility functions
and traffic demand, mobility patterns, and network topology
models. To improve the computational efficiency of the analy-
sis even further, it also proposes a network aggregation method
based on the theorem of Norton [10]. This method allows
the construction of equivalent network models for a specific
region of interest omitting the details of the entire networks of
providers achieving significant computational gains.

The analysis highlights that it is not always profitable for
a provider to lease capacity from a large number of APs.
Furthermore, it is not beneficial to offload the entire traffic
that can be served by APs. From a certain point onwards the
WiFi APs will become congested. This will result in a QoS
degradation reducing the revenue of providers. The paper is
structured as follows: Section II overviews the related work.
Section III presents our modeling framework, while Section IV
discusses the analysis of the WiFi offloading under different
scenarios. Section V describes the network aggregation method
based on the theorem of Norton and Section VI presents our
conclusions and future work plans.

II. RELATED WORK

The problem of WiFi offloading has received considerable
attention. The proposed approaches can be classified into two
general categories, namely the delayed offloading and on-the-
spot offloading. The delayed offloading alleviates mobile data
explosion by persuading users to wait until they are in the
coverage of an AP before sending their delay-tolerant traffic
[7], [13], [14]. The on-the-spot offloading opportunistically
transfers data via WiFi whenever there is coverage by an
AP [2], [6]. When a user moves out of the coverage of the
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Fig. 1: Main components of the modeling framework.

AP, with which it has been associated, a vertical handover is
performed back to the cellular network of its provider. The
delayed offloading cannot be always an appropriate option,
especially for real-time applications. This work focuses on the
on-the-spot offloading.

Prior studies of offloading have made various simplifi-
cations. Most of them analyse the optimal decisions of a
single provider and do not study the impact of offloading in
markets with multiple competing providers [4]–[7], [13]. Most
papers also assume that the larger the volume of the offloaded
traffic, the larger the benefits for providers [2]–[5], [13]. Such
approaches usually consider only the operational cost omitting
other aspects. There are also several studies that investigate
the impact of the offloading on the QoS [8], [9]. However,
they focus on the physical layer omitting economic aspects,
such as, the competition of providers and user decisions. In
addition to the theoretical approaches, there are experimental
evaluations of the benefits of WiFi offloading [15]–[17]. In-
centive frameworks that enable third-party resource owners to
share their infrastructure have also been proposed [3], [18].

Our earlier work [11], [12] introduced a general game-
theoretical modeling framework for analysing wireless mar-
kets. It provided detailed models for the cellular networks of
providers and user traffic demand as well as the economic
interaction of users and providers. This paper extends the
above platform by providing models for the WiFi infrastructure
that covers a specific area, complementary to the cellular one,
and allows providers to offload a part of their traffic to this
infrastructure. Its main focus is on the analysis of offloading.

III. MODELING FRAMEWORK

The main entities involved in a wireless market are the
providers and users. Providers offer subscriptions to users and
aim to maximize their revenue. Users select a service, namely a
subscription with a certain provider or to remain disconnected
(denoted as a service with id “0”). Providers try to keep their
customers satisfied, considering the offered prices and QoS
requirements. However, due to the increased traffic demand,
certain parts of their networks may become congested. To
improve the QoS in these regions, providers may offload a part
of their data traffic to their WiFi infrastructure (if available in

these regions). Our framework allows one or multiple providers
to perform WiFi offloading.

The modeling framework consists of two distinct layers,
the technological and economic ones. The technological layer
models the cellular networks of providers, WiFi infrastructure,
and user traffic demand with appropriate queueing-theoretical
models and estimates the QoS. The economic layer models
the interaction of users and providers in a market as a two-
stage game. The first stage instantiates the competition of
providers and the second one the user service selection. A
population game models the user decisions: Each user could
either select to become a subscriber of a certain provider or
remain disconnected based on a utility function that depends
on the price and QoS. On the other hand, the competition
of providers is modeled as a normal-form game in which
providers strategically select their prices to optimize their
revenue (Fig. 1). Our framework models a wireless access
market of I providers and N users. Each provider offers
long-term subscriptions, which are best-effort data services.
The following subsections describe the components of our
modeling framework in more detail.

A. The network infrastructure
Each provider (e.g., provider i) has deployed a set of BSs

(Ki) covering a geographical region (e.g., a city). It may also
offload a part of its data traffic to a set of APs (Li). We assume
that the APs are sparsely located within a geographical region
of interest. Each AP is associated with a unique BS and may
serve a part of the data traffic that is originally targeted for that
BS 1. We assume that in all wireless stations (BSs and APs)
the available bandwidth is shared equally among connected
users (processor-sharing discipline). For LTE cellular BSs,
this bandwidth allocation models a scheduler that divides the
OFDMA resources fairly among users. Similarly, for WiFi
APs, the CSMA protocol guarantees a fair bandwidth sharing
among users in the long run 2.

Users generate sessions and connect to a wireless station to
communicate. Specifically, during a session, a user transmits
and receives data via that station. The user session generation
follows a Poisson process with a total rate of λ. This rate
is allocated across providers according to the current market
share z = (z0, z1, ..., zI). The ratio of subscribers of the
provider i is indicated by zi, while z0 indicates the ratio of dis-
connected users. The user mobility in the network of a provider
is modeled with a Markov-chain in which a state corresponds
to the coverage area of a BS. The total session generation rate
of subscribers of the provider i is further divided among its
BSs (k = 1, ..., |Ki|) according to the probabilities ωik. These
probabilities correspond to the stationary distribution of the
user mobility in the network of the provider i. Table I defines
the parameters of the queueing network of the provider i. Note
that the horizontal and vertical handover rates are computed
based on a fluid-flow mobility model [19]. Such models have
been used to describe the user movement among stations in
wireless networks. We assume that no horizontal handovers
are performed between APs. Let us now focus on a simple
case in which all users select the provider i (i.e., zi = 1). The
total session arrival rate at a station k (γik) consists of the

1This is a reasonable assumption given that the coverage area of a BS is
much larger than that of an AP.

2This assumption of a fair allocation of bandwidth among connected users
has been also adopted in other studies of WiFi offloading (e.g., [8]).



TABLE I: Parameters of queueing network of provider i

Parameter Description
Ki Set of BSs
Li Set of WiFi APs
λ Total session generation rate of users

zi(z0) Ratio of subscribers (disconnected users)
ωik Steady-state probability for a user to

be located within the coverage of BS k
vik Departure rate from station k due to horizontal handover
xik Departure rate from station k due to vertical handover
µik Session service rate at station k
dik Total departure rate from station k

(dik = xik + vik + µik)
p
(i)∗
m,k Conditional prob. of handover from station m

to station k given that a handover occurs
p
(i)
m,k Unconditional prob. of handover from station m

to station k
(
p
(i)
m,k = p

(i)∗
m,k ∗ (xim + vim)/dim

)
γik Total session arrival rate at station k
aik Arrival rate of new sessions at station k
ρik Traffic intensity at station k
ni Vector indicating the number of users at each station

Qi(ni) Stationary distribution of number of users at stations
E[Nik] Average number of connected users at station k
Bik Bandwidth at station k
Ri(zi) Average data rate

new sessions (aik) as well as sessions due to horizontal and
vertical handovers (e.g., Fig. 2).

γik = aik +
∑

m∈Ki∪Li

γimp
(i)
m,k (1)

The traffic intensity at the station k of the provider i (ρik) is
equal to the ratio of the total session arrival rate at the station k
(γik) over the total session departure rate at that station (dik).

The queueing network of the provider i is modeled as
a Markov chain. Each state corresponds to a vector ni =
(ni1, ..., ni|Ki∪Li|) indicating the number of connected users at
all BSs and APs of the provider i. State transitions correspond
to various types of events including session arrivals, termina-
tions, and handovers. The stationary distribution of the Markov
chain is estimated by solving the global-balance equations.
These equations set the arrival rate at each state of the Markov
chain equal to the departure rate from that state. Due to the
Markovian property of our system and the processor-sharing
discipline, the global-balance equations can be simplified into
a set of local-balance equations [20]. According to the local-
balance equations (Eqs. 2), the rate leaving a state ni due to
the departure of a user at a specific station k is equal to the
rate entering that state due to the arrival of a user at the station
k either due to a new session or a handover (Eq. 2a).

dikQi(ni) = aikQi(ni − eik)

+
∑

m∈Ki∪Li

(xim + vim) p
(i)∗
m,kQi(ni − eik + eim) (2a)

∑
k∈Ki∪Li

aikQi(ni) =
∑

k∈Ki∪Li

µikQi(ni + eik) (2b)

Furthermore, the rate leaving the state ni due to the arrival of
a new session at a station is equal to the rate entering that state
due to the termination of a session at a station (Eq. 2b). In Eqs.
2, eik is a vector with all entries equal to 0 except the k-th
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Fig. 2: Session arrivals at BSs and APs.

entry which is equal to 1. Given that ρik < 1 for each station
of the provider i, the stationary distribution of the number of
connected users at all stations can be derived as follows:

Qi(ni) =
∏

k∈Ki∪Li

(1− ρik) (ρik)
nik (3)

By substituting Eq. 3 in the local-balance equations (Eqs. 2),
we can derive the traffic equations (Eq. 1). This proves the
validity of Eq. 3. Given that the stationary distribution is in
product form, each station can be viewed as an independent
M/M/1 queue with the processor-sharing discipline.

In the general case in which not all users select the
provider i (i.e., zi < 1), we can replace γik, aik, and ρik
with ziγik, ziaik, and ziρik, respectively and Eqs. 1-3 still
hold. In this case, the average number of connected users at
the station k of the provider i is E[Nik] = ziρik

1−ziρik [21].
When a new user arrives at the station k, it will share the
available bandwidth along with all other currently connected
users at that station. Therefore, the amount of bandwidth that
a new user can get when it connects to the station k will be

Bik

E[Nik]+1 = Bik(1− zipik), where Bik is the total bandwidth
of that station. The average data rate of a user session at the
network of the provider i can be now computed as the weighted
average of the data rate achieved at each station (Eq. 4).

Ri(zi) =
∑

k∈Ki∪Li

ωikBik(1− ziρik) (4)

Let us define the average available bandwidth B̂i =∑
k∈Ki∪Li

ωikBik and average traffic intensity ρ̂i =∑
k∈Ki∪Li

ωikBikρik/
∑
k∈Ki∪Li

wikBik of the provider i.
Then, Eq. 4 can be rewritten as Ri(zi) = B̂i (1− ziρ̂i). The
user service selection employs the average data rate in the
decision making process (Fig. 1). The computation of the
market equilibriums for users and providers is described in
Subsections III-B and III-C, respectively.

B. User service selection
The user service selection process is modeled by a pop-

ulation game. Each user can choose among I + 1 available
strategies H = {0, 1, ..., I}. Strategies 1, 2, ..., I correspond to
subscriptions with the providers 1, 2, ..., I , respectively, while
strategy 0 denotes the disconnection state. We assume that



TABLE II: Parameters of a wireless market

Parameter Description
I Number of providers
N Number of users
c Vector with the prices of all providers
H Set of user strategies

f (Ri(zi)) Impact of average data rate on user utility
wP Weight of price

ui (zi; c) User utility function
z(t) Market share of users at time t
z∗(c) User NE
P Set of Providers
C Provider strategy profiles

σi(c) Utility function of provider i
σr
i (c) Utility function of provider i in region r

grj (c) ≤ 0 j-th constraint used to define region r
Ar Set of prices corresponding to region r

the user population is homogeneous, and as such, the utility
attained when selecting a specific strategy is the same for all
users. Therefore, it suffices to describe the service selection of
users with a probability distribution over the set of strategies
(H). This distribution z = (z0, z1, ..., zI) is the user strategy
profile also denoted as market share. All parameters of a
wireless market are defined in Table II.

User utility function. A user selects a strategy (i.e., a
subscription or disconnection) based on the QoS and price:

ui(zi; c) =

{
f (Ri(zi))− wP ci if i = 1, ..., I

0 if i = 0
(5)

The function f is concave, strictly increasing, and non-
negative and defines the impact of the average data rate
(Ri(zi)) on the user utility. The impact of the price of the
subscription of the provider i (ci) is assumed to be linear and
its significance is indicated by the positive weight wP . Fur-
thermore, when a user selects the disconnection (i.e., i = 0),
it attains a utility equal to 0.

User population dynamics. Based on the user utility func-
tion, the evolution of the market share of users (z(t)) is
described by the replicator dynamics, a system of ordinary
differential equations (Eq. 6).

dzi(t)

dt
= zi(t)

ui (zi(t); c)−
∑
j∈H

zj(t)uj (zj(t); c)

 (6)

Depending on the initial conditions, the replicator dynamics
may converge to different equilibrium points. However, not
all these equilibriums are Nash equilibriums (NEs). Every
population game has at least one Nash equilibrium (NE) as
can be shown by applying Kakutani’s fixed point theorem [22].
Furthermore, in our case, the user NE is unique (proven in
Appendix B).

1) Computation of the user NE: At a user NE, we can
divide the set of strategies H into two disjoint subsets X
and Y , such that: (i) X is non-empty, (ii) all strategies in
X correspond to the same utility, (iii) all strategies in Y
correspond to a market share of 0 (proven in the Appendix A).
To compute a NE, we distinguish different cases with respect
to the sets X and Y .

Case (a). The subscriptions of all providers correspond to
the same utility and there are no disconnected users: X =
{1, ..., I} and Y = {0}.

ui (zi; c) = u1 (z1; c) ∀i ∈ {2, ..., I},
I∑
j=1

zj = 1 (7)

For the solution of Eqs. 7 z1(c) = (z10(c), z11(c), ..., z1I (c)) to
be a NE, additional conditions should be satisfied (inequalities
8). First, z1(c) should be a valid probability distribution and
c should lie in the strategy space of providers (inequalities 8b
and 8c, respectively). Furthermore, at the equilibrium, no user
should have the incentive to change its strategy.

u1
(
z11(c); c

)
≥ 0 (8a)

z1i (c) ≥ 0, ∀i ∈ {1, ..., I} (8b)
ci ≥ 0, ∀i ∈ {1, ..., I} (8c)

In general, two types of transitions may happen, namely, (i)
a subscriber may change provider, and (ii) a subscriber may
become disconnected. However, in this case, none of these
can occur: a transition of type (i) is not profitable since all
subscriptions have equal utility at the equilibrium (Eq. 7),
and a transition of type (ii) reduces the user utility since all
subscriptions have higher utility than the disconnection (Eqs. 7
and 8a). Therefore, when the conditions 8 are true, the solution
of Eqs. 7 (z1(c)) is the unique user NE for the price vector c.

Case (b). All strategies, including the disconnection, cor-
respond to the same utility: X = H and Y = ∅.

ui(zi; c) = 0 ∀i ∈ {1, ..., I},
I∑
j=0

zj = 1 (9)

For the solution of Eqs. 9 z2(c) = (z20(c), z21(c), ..., z2I (c)) to
be a NE, additional conditions should be satisfied (inequalities
10). The vector z2(c) should be a valid probability distribution
(inequalities 10a and 10b) and c should lie in the strategy space
of providers (inequality 10c).

z20(c) ≥ 0 (10a)
z2i (c) ≥ 0, ∀i ∈ {1, ..., I} (10b)

ci ≥ 0, ∀i ∈ {1, ..., I} (10c)

When the conditions 10 are true, the solution of Eqs. 9 (z2(c))
is the user NE for the price vector c. At that equilibrium, no
user has the incentive to change its strategy since it will not
attain additional utility by doing so. Except from (a) and (b),
other cases can be defined in which the subscriptions of one or
more providers belong in the set Y (i.e., obtain a market share
of 0). However, as it will be shown in Section III-C, at the NE
of providers, each provider should obtain a strictly positive
market share. This can only happen in the cases (a) and (b)
and therefore, all other cases are omitted from the analysis.

C. Competition of providers
The competition of providers is modeled as a continu-

ous normal-form game (P,C, {σi}i∈P ). In this game, each
provider i selects a price for its subscription (ci) belonging in
a closed interval [0, Cmaxi ]. The strategy space of providers
is the set of all possible combinations of prices that can
be offered in the market and is a rectangle of the form
C = [0, Cmax1 ]× ...× [0, CmaxI ]. Each point of the strategy
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Fig. 3: Examples of the provider strategy space in a duopoly under large user demand (a) and small demand (b).

space c = (c1, ..., cI) is a vector containing a specific price for
each provider and corresponds to a unique user NE z∗(c) =
(z∗0(c), z∗1(c), ..., z∗I (c)). Based on this equilibrium, the utility
function of a provider i is defined as σi(c) = Nz∗i (c)ci and
estimates the total revenue of the provider i in the market.

In general, continuous games can be analysed efficiently
provided that they have a rectangular strategy space and
twice continuously differentiable utility functions [23], [24].
However, in our case, there exist a finite set of surfaces in
the strategy space, at which, the derivatives of the utility
functions of providers are discontinuous. Those surfaces divide
the strategy space into a finite number of regions. At the
interior of each region, the set of user strategies that obtain
a strictly positive market share at the user NE is fixed. Fig.
3 depicts two examples of the strategy space of providers in
a simple case of a duopoly under large and small user traffic
demand (Figs. 3a and 3b, respectively). These figures have
been constructed by computing the user NE over a set of prices.
At the interior of each region, all strategies that correspond to
a strictly positive market share at the user NE are listed. The
region 1 (region 2) is the set of price vectors that satisfy the
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2a. Compute the NEs of providers 
in region 1 (GNEP)

2b. Compute the NEs of providers in region 2 (GNEP)
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Fig. 4: The main idea for computing the NEs of providers.

conditions of case (a) (case (b)) of Section III-B1, respectively.
The region 2 is larger in Fig. 3a compared to Fig. 3b, since,
as the traffic demand increases, the average data rate drops
along with the user utility resulting in more disconnected users.
In the case of low traffic demand (Fig. 3b), there are two
additional regions (the regions 6 and 7) where all users become
subscribers of one provider.

The segmentation of the strategy space appears in markets
with multiple providers each offering a unique service for a
price and with users that make rational decisions. In such
markets, a NE can be narrowed down at the interiors of the
regions 1 and 2 and at the surface that separates those two
regions. This can be easily proven by contradiction. If a NE
existed outside those sets of points, then at least one provider
would obtain a market share of 0. However, this provider
would have the incentive to reduce its price and obtain a
strictly positive market share and revenue. This contradicts the
definition of a NE. For example, if a NE existed in the region
3 of Fig. 3a (e.g., at the point X), then the provider 2 would
obtain a market share of 0. However, this provider would have
this incentive to reduce its price to obtain a strictly positive
market share and revenue.

To compute the NEs of providers, we propose a novel
algorithm (illustrated in Fig. 4). First, the strategy space is split
into the different regions. Then, two separate games are defined
for the regions 1 and 2. The problem of computing the NEs
of a game with its strategy space restricted in a single region
is a generalized Nash equilibrium problem (GNEP) [25], [26].
The final step checks whether the NEs corresponding to the
regions 1 and 2 are also global NEs of the game of providers.
Let us now describe the algorithm in more detail.

Computation of NEs in the region 1. At a NE, the price
of a provider is a best response to the prices of its competitors.
To compute its best response, a provider solves an optimization
problem to select the price that maximizes its revenue. To
restrict the solution of this problem in the region 1, we add
the constraints defined by the inequalities 8. As it will be
shown bellow, all NEs lie either in the interior of the region



TABLE III: Combined KKT conditions of the optimization problems of providers for computing their best response

Condition name Formula Description

Equating to 0
derivative of

Lagrange fun.
−
∂σ1

i (c)

∂ci
+

2I+1∑
j=1

λij

∂g1j (c)

∂ci
= 0, i = 1, . . . , I (11a)

Equate to 0 the derivative of the Lagrange function of each provider. The
term σ1

i (c) corresponds to the utility function of the provider i restricted
in the region 1.

Primal feasibility g
1
j (c) ≤ 0, j = 1, . . . , 2I + 1 (11b)

Define the region 1:
g11(c) ≤ 0 corresponds to the constraint 8a
g12(c), ..., g

1
I+1(c) ≤ 0 correspond to the constraints 8b

g1I+2(c), ..., g
1
2I+1(c) ≤ 0 correspond to the constraints 8c

Dual feasibility λij ≥ 0, i = 1, . . . , I and j = 1, . . . , 2I + 1 (11c) Set the Lagrange multipliers greater than or equal to 0

Complementary
slackness λijg

1
j (c) = 0, i = 1, . . . , I and j = 1, . . . , 2I + 1 (11d) Set the product of the Lagrange multipliers with their corresponding

constraints equal to 0

1 or at the set of points at which the constraint 8a is active
3. The local maxima of the utility functions of providers at
these sets of points satisfy the linear independence constraint
qualification (LICQ) 4, and thus, at a NE, the Karush-Kuhn-
Tucker (KKT) conditions of the optimization problems of
individual providers should be satisfied [27]. Table III defines
a system that combines the KKT conditions of these problems.
The formulation of this system is described in the Appendix
C.

To compute a NE, we distinguish various cases with respect
to the location of that equilibrium: A point at which at least
one of the constraints 8c is active can not be a NE. At such a
point, there is always a provider with price equal to 0 that
has the incentive to increase its price and attain a strictly
positive utility (e.g., point D in Fig. 3b). Similarly, a point
at which a constraint 8b is active can not be a NE. At such a
point, there is always a provider with 0 market share that has
the incentive to reduce its price and attain a strictly positive
utility (e.g., point E in Fig. 3b). Therefore, all NEs lie either
in the interior of the region 1 or at the set of points at which
only the constraint 8a is active. This set of points corresponds
to the surface separating the regions 1 and 2 (e.g., Fig. 3b).
In the interior of the region 1, all inequalities 11b are strict
and therefore, based on the complementary slackness KKT
conditions (Eq. 11d), all Lagrange multipliers are equal to 0.
This reduces the system 11 into the following system.

∂σ1
i (c)

∂ci
= 0, for all i = 1, . . . , I (12)

Standard numerical analysis methods are used to solve this
system 5. If the solution satisfies the constraints 11b (i.e., the
inequalities 8) and corresponds to a global maximum of the
utility functions of providers, it is a NE. Let us now focus
on the set of points at which only the constraint 8a is active.
Based on the complementary slackness KKT conditions (Eq.
11d) and the fact that all other constraints except 8a are not
active, we derive that all Lagrange multipliers are equal to 0
except those corresponding to the constraint 8a. This reduces

3A constraint g(c) ≤ 0 is active when the equality holds.
4Consider a local maximum x∗ of an optimization problem with continu-

ously differentiable objective and constraint functions. If the gradients of the
active inequality constraints and the gradients of the equality constraints are
linearly independent at x∗, the KKT conditions should be satisfied at x∗.

5The derivatives of the provider utility functions are computed numerically
according to the method described in the Appendix D.

the system 11 into the following system.

∂σ1
i (c)

∂ci
− λi1

∂g11(c)

∂ci
= 0, i = 1, . . . , I (13a)

λi1 ≥ 0, i = 1, . . . , I (13b)

The derivative ∂g11(c)
∂ci

is always positive, for all mathematical
models of the user utility function considered in this work.
Therefore, the system of Eqs. 13 is reduced to the following
inequalities.

∂σ1
i (c)

∂ci
≥ 0, i = 1, . . . , I (14)

This system of inequalities restricted at the points in which
the constraint 8a is active corresponds to a feasibility problem
that can be solved efficiently. Such a problem may have
uncountable solutions, and therefore, the set of NEs on the
surface separating the regions 1 and 2 may be infinite.

Computation of NEs in the region 2. To compute the NEs
of the game of providers in the region 2, we follow a similar
procedure. The region 2 is the set of price vectors that satisfy
the constraints 10. As in the case of the region 1, a point at
which at least one of the constraints 10c or 10b is active can
not be a NE (e.g., points D and E in Fig. 3a). Therefore, the
NEs could either lie in the interior of the region 2 or at the
set points at which the constraint 10a is active. To search for
a NE in the interior of the region 2, the following system of
equations should be solved.

∂σ2
i (c)

∂ci
= 0, for all i = 1, . . . , I (15)

The term σ2
i (c) corresponds to the utility function of the

provider i restricted in the region 2. If the solution of Eq.
15 satisfies the constraints 10, then it is a NE of the game
of providers restricted in the region 2. Furthermore, a point c
at which the constraint 10a is active is a NE if the following
conditions hold.

∂σ2
i (c)

∂ci
≤ 0, i = 1, . . . , I (16)

Again, solving the inequalities 16 restricted at the points at
which the constraint 10a is active corresponds to a feasibility
problem with potentially uncountable solutions.

Computation of global NEs. Let us denote the sets
of price vectors corresponding to the regions 1 and 2 as



A1 and A2, respectively. The games restricted in these re-
gions can be then defined as Γ1 =

(
P,A1, {σ1

i }i∈P
)

and
Γ2 =

(
P,A2, {σ2

i }i∈P
)
, respectively. A more general game

Γ = (P,A1 ∪A2, {σi}i∈P ) that is restricted on the union of
the regions 1 and 2 can now be formed. The following set of
theorems proven in Appendix F relate the NEs of the game Γ
with the NEs of the games Γ1 and Γ2.
Theorem 1: A point c∗ ∈ A1 ∩A2 is a NE of the game Γ, if
and only if, it is a NE of the games Γ1 and Γ2.
Theorem 2: A point c∗ ∈ A1\A2 is a NE of the game Γ,
if and only if, it is a NE of the game Γ1 and the following
conditions are true.

σ1
i (c∗i , c

∗
−i) ≥ σ2

i (ci, c
∗
−i), ∀ci : (ci, c

∗
−i) ∈ A2,∀i ∈ P (17)

Theorem 3: A point c∗ ∈ A2\A1 is a NE of the game Γ,
if and only if, it is a NE of the game Γ2 and the following
conditions are true.

σ2
i (c∗i , c

∗
−i) ≥ σ1

i (ci, c
∗
−i), ∀ci : (ci, c

∗
−i) ∈ A1,∀i ∈ P (18)

In the inequalities 17 and 18, the point c∗ is also denoted as
(c∗i , c

∗
−i), where c∗i is the price of the provider i and c∗−i is a

vector containing the prices of all other providers except i, at
c∗. Theorem 2 implies that if there exists a NE in the interior
of the region 1 (i.e., solution of Eqs. 12) and if the conditions
of NE hold for points lying in the region 2 (inequalities 17),
then it is also a global NE. For example, in Fig. 4, a NE in
the interior of the region 1 is global if conditions of NE hold
for the points on the dotted lines in the region 2. These dotted
lines correspond to the points (ci, c

∗
−i) ∈ A2 considered in

the inequalities 17. Similarly, Theorem 3 implies that if there
exists a NE in the interior of the region 2 (i.e., provided by Eqs.
15), then it is also a global NE if the conditions of inequalities
18 are satisfied. Furthermore, according to the Theorem 1, the
set of NEs at the surface separating the regions 1 and 2 is the
intersection of the sets of NEs of the games restricted in the
regions 1 and 2, respectively (Fig. 4).

1) An algorithm for the computation of a NE: The KKT
system defined in Table III is a set of necessary conditions
for a point to be a NE of the game of providers restricted in
the region 1. These conditions are also sufficient only if the
utility functions of providers are concave in their prices [28].
Given that the utility functions of providers are concave in the
region 1, by applying the methodology described above, we
are guaranteed to compute a global NE if one exists. However,
there are scenarios in which the utility functions of providers
are not concave in the region 1. In such cases, while the KKT
conditions of Table III are still necessary for a point to be
a NE, there are not sufficient. Therefore, when computing a
solution of these conditions, we should verify if it is a NE or
not.

Our algorithm proceeds as follows: First, it attempts to
compute a NE at the interior of the region 2 by solving Eqs.
15 and checking the conditions 18. If a global NE is computed,
the algorithm returns it, otherwise, it attempts to compute a NE
at the interior of the region 1 by solving Eqs. 12. If a solution is
computed, the algorithm verifies whether or not it corresponds
to a global maximum of the utility functions of providers. In
case of a global maximum of the utility functions of providers,
it is a global NE and is returned. If it corresponds to a local
maximum of the utility functions of providers, the algorithm
reports it as a “local NE”. Finally, if the solution corresponds

to a local minimum for at least one of the providers or if no
solution was computed for Eqs. 12, the algorithm searches for
a NE at the surface separating the regions 1 and 2 by solving
the inequalities 14 and 16. Note that if the utility functions of
providers are not concave at the interior of the region 1, there
may be scenarios in which there is no pure-strategy NE of the
game of providers. In such cases, our algorithm will not report
a NE.

IV. PERFORMANCE EVALUATION

A. Experiment settings and objectives
We implemented the modeling framework in Matlab and

instantiated a wireless access market of a small city of 4
providers and a population of 300, 000 users.

Network infrastructure. Each provider has deployed a cellu-
lar network covering the entire city. The BSs at each network
are placed on the sites of a triangular grid, with a distance
between two neighbouring sites of 1.6 km. These parameters
were selected to model as realistically as possible a typical
microcellular infrastructure of a small city. The city is divided
into 9 equally sized rectangular areas. A provider may have
access to a WiFi infrastructure at different areas in the city. A
provider with access to the APs of a specific area may offload
a part of its mobile data traffic to these APs. A number of the
new sessions that arrive within the coverage of an AP may be
served by that AP. Furthermore, a number of users moving into
the coverage of an AP during a session may perform a vertical
handover to that AP. When a user who is being served by an
AP moves out of the coverage of that AP, a vertical handover is
performed back to the cellular network of its provider. From all
the sessions that could be potentially served by APs, a provider
offloads a certain percentage denoted as offloading percentage.
It estimates this percentage aiming to optimize its revenue.
Apart from the traffic of cellular BSs, the WiFi APs serve also
their own WiFi customers (which are distinct from the cellular
users). This reduces the effective capacity of APs which is
available for offloading. We have performed an extensive set
of experiments in which the optimal offloading percentage of
a provider was estimated under different cases with respect
to: (a) the bandwidth of cellular BSs, (b) the coverage of the
WiFi network, and (c) the user utility function. The scenarios
are described in detail in the following paragraphs.

Bandwidth of wireless stations. We distinguish two scenar-
ios with respect to the capabilities of the BSs and APs: the 3G
scenario with BSs of lower bandwidth than that of APs (e.g.,
[6]) as well as the LTE scenario with BSs that have bandwidth
larger than that of WiFi APs. In 3G, the maximum data rate
with which a BS can serve sessions is 5, 4.5, 4, and 3.5 Mbps
for the providers 1, 2, 3, and 4, respectively, while in LTE, the
maximum data rates of providers are 25, 22, 19, and 16 Mbps,
respectively. In both cases, the bandwidth of an AP is 6 Mbps.
In other words, in 3G, the bandwidth of an AP is larger than
that of a BS, while in LTE, the reverse holds.

WiFi infrastructure. We assumed that in the city of interest,
there exists a WiFi infrastructure. In our experiments, either the
strongest provider (provider 1) or the weakest one (provider 4)
may perform offloading. With respect to the WiFi coverage,
we have considered cases in which APs are located in one,
two, or three different areas close to the city center. We have
also defined different cases in which the number of APs that
correspond to a single BS varies from 1 up to 15. It is assumed
that the APs associated with a BS are located within its cell
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Fig. 5: Benefits of the WiFi offloading in the LTE scenario. The only provider that performs offloading is the provider 1 (4), in
the top (bottom) figures, respectively.

and their coverage areas do not overlap. 16 APs are required
to cover a cell, and therefore, the larger the number of APs per
BS, the larger the WiFi coverage. Furthermore, an AP serves
sessions from its own WiFi customers with a total arrival rate
of 2 session per minute. Due to the traffic demand of WiFi
customers, the effective bandwidth of APs that can be used
for offloading is reduced from 6 to around 3.3 Mbps6.

User utility function. We assumed exponential user util-
ity functions (Eq. 5) that depend on the average data rate
(f(x) = wR

(
t− e−hx

)
), where wR, t and h are equal to

30, 1, and 0.6, respectively. The exponential utility function
has a diminishing derivative with respect to the data rate.
Such functions are commonly used in the literature [29]. For
each case, we computed the market equilibriums given that no
offloading is performed, and then, we computed the optimal
offloading percentage for a provider, its additional revenue and
the reduction in the percentage of disconnected users.

B. The LTE scenario
We evaluated the performance of the WiFi offloading in the

case of LTE. In this scenario, the average traffic demand of a
user varied from 0.9 up to 1.5 sessions/hour. Fig. 5 presents the
benefits of WiFi offloading. In general, as the number of APs
associated with a BS increases, the additional revenue from the
offloading also increases but in a diminishing manner (Figs.
5a and 5d). By increasing the number of APs per BS up to
6, the optimal offloading percentage is equal to 100% (Figs.
5b and 5e) which results in an increased revenue. However,
an increase of the number of APs above this threshold has
a diminishing “return” due to the decrease of the optimal
offloading percentage (Figs. 5b and 5e). In other words, it is
profitable for a provider to invest in WiFi infrastructure up to a

6Note that the selection of input parameters is not restrictive. One may
select the set of parameters that best describes its scenario of interest and
study it using our framework.

certain threshold (around 6 APs per BS). Above this threshold,
the investment would not be beneficial.

Under large WiFi coverage, the low optimal offloading
percentage (e.g., Figs. 5b and 5e) is due to two opposing
trends: The increased offloading percentage alleviates the
traffic congestion at BSs and allows for higher data rates for
users. On the other hand, it also results in a larger number
of users being served by APs, which have lower bandwidth
compared to that of BSs. Therefore, the data rate of these users
decreases. In general, it is not always profitable for a provider
to offload all traffic that can be served by APs. The optimal
offloading percentage achieves a balance between the increase
of the data rate of users served by BSs and the decrease of
the data rate of users served by APs. It is selected in such
a way to improve the average data rate, attract more users,
and maximize the revenue of the provider. As expected, an
increase in the number of APs per BS results in a larger
decrease in the percentage of disconnected users (Figs. 5c
and 5f). Furthermore, when the number of areas with a WiFi
infrastructure expands, the revenue of a provider grows and
the percentage of disconnected users drops. Surprisingly, it also
results in a slight decrease of the optimal offloading percentage
(Figs. 5b and 5e). This is due to the phenomenon discussed
earlier. In general, an increase in the WiFi coverage results
in a decrease of the optimal offloading percentage. Let us
now discuss the case in which the provider 4 performs the
offloading. Although it selects a similar offloading percentage
with that of the provider 1 (Figs. 5b and 5e), it achieves a
lower additional revenue (Figs. 5a and 5d) and reduction of
disconnected users (Figs. 5c and 5f) compared to the provider
1. The advantage of the providers with larger capacity is
enhanced by the offloading, giving rise to larger revenues
compared to that of smaller providers.

Note that, in our framework, we have not modeled the cost
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Fig. 6: Benefits of the WiFi offloading in the 3G scenario. The only provider that performs offloading is the provider 1 (4), in
the top (bottom) figures, respectively.

that a provider pays to the owners of the WiFi APs for leas-
ing their infrastructure. Instead, our experiments estimate the
potential for additional revenue achieved via WiFi offloading.
This revenue would be divided among the providers and the
owners of the WiFi infrastructure. An appropriate mechanism
to determine the cost that providers should pay is the Vickrey-
Clarke-Groves (VCG) auction. Given that each provider needs
a small portion of the capacity, the competition would not
be intense ensuring that the auction would allow for multiple
winners, each of which would achieve an additional revenue.

C. The 3G scenario
We repeated the analysis presented in Section IV-B for the

3G scenario. In this scenario, the traffic demand of a user
varied from 0.15 up to 0.25 sessions per hour. Fig. 6 presents
the benefits of the WiFi offloading when it is performed by
the provider 1 (Figs. 6a, 6b, and 6c) and provider 4 (Figs.
6d, 6e, and 6f), respectively. The additional revenues of the
providers are much higher in the 3G scenario compared to the
LTE one (Fig. 5). There is also a more prominent decrease in
the percentage of disconnected users. This is mainly due to
the lower bandwidth of the 3G BSs vs. that of APs compared
to the LTE scenario.

The larger effective bandwidth of the BSs of the provider
1 (i.e., 5 Mbps) compared to that of APs (i.e., 3.3 Mbps)
results in a reduction of the optimal offloading percentage of
the provider 1 above a certain threshold (Fig. 6b). On the
contrary, the bandwidth of the BSs of the provider 4 is very
close to that of APs (i.e, 3.5 Mbps) resulting in an optimal
offloading percentage equal to 100 % for almost all cases (Fig.
6e). In general, the closer the effective bandwidth of APs to
that of BSs, the larger the offloading percentage. We expect
that in the 3G scenario, a VCG auction of the capacity of
the WiFi network would result in a more intense competition.
Most of the providers would require a large percentage of the

capacity resulting in a small number of winners in the auction.
Furthermore, due to the intense competition, the revenue of the
owner of the WiFi infrastructure would be enhanced compared
to the corresponding auction in the LTE scenario.

V. NETWORK AGGREGATIONS

If a provider has access to a WiFi infrastructure, it should
estimate the optimal percentage of traffic to offload to this
infrastructure to maximize its revenue. The estimation of the
optimal offloading percentage is a computationally complex
process. During this process, the solution of the traffic equa-
tions (Eq. 1) and the computation of the NEs of users and
providers is performed multiple times, each time for a different
value of the offloading percentage. In such cases, to reduce
the computational complexity, aggregation methodologies can
be applied to construct an equivalent network only for the
region with a WiFi infrastructure. By solving this equivalent
network, a provider can estimate performance metrics for
this region omitting the details of its entire network. This
results in significant computational gains. We propose such
an aggregation method based on the theorem of Norton [10].

The method proceeds as follows. First, the network of
a provider is divided into two parts, the region of interest
(in which there is a WiFi infrastructure) and the remaining
network. Then, appropriate Poisson sources are estimated
modeling the input traffic from the stations of the remaining
network to the stations of the region of interest. The equivalent
network of the region of interest is formed by the subgraph
of the original network that contains only the stations of the
region of interest adding the Poisson sources computed earlier.
By solving the equivalent queueing network, we compute
the traffic intensity of each station of the region of interest
which is exactly the same as the traffic intensity computed by
solving the traffic equations of the entire network. Bellow, the
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Fig. 7: Example of the construction of the reduced network.

procedure is described in more detail.
Constructing the equivalent network. Consider the network

of a provider and let s = {M1, ...,Mn} be the subset that con-
tains the stations of the region of interest and ŝ = {1, ...,m}
be the subset that contains all stations outside this region. At
the first step of the algorithm, a reduced queueing network
is constructed in which all stations of the region of interest
are removed one by one by a “shortening” process. Each
time a queue is shortened, its service rate is set equal to
infinity (i.e., all input traffic is immediately forwarded to
the output of the queue). This is performed in n phases.
At the l-th phase, the station Ml is shortened and only the
stations ŝ∪{Ml+1, ...,Mn} are still in existence. The transition
probability matrix P (l) and new session arrival rates at the l-th
phase are estimated based on the following recursive formulas.

p
(l)
k,v = p

(l−1)
k,v +

p
(l−1)
k,Ml

p
(l−1)
Ml,v

1− p(l−1)Ml,Ml

(19)

a
(l)
ik = a

(l−1)
ik + a

(l−1)
iMl

p
(l−1)
Ml,k

1− p(l−1)Ml,Ml

(20)

At the end of the n-th phase, the reduced network has
been constructed and the traffic equations for this network (Eq.
1) are solved to estimate the traffic that corresponds to each
station of the reduced network (γ̂ik). Then, for each station of
the region of interest Mt ∈ s, the Poisson source modeling
the input traffic from the remaining network has a rate of∑
k∈ŝ γ̂ikpk,Mt

. An example of the construction of the reduced
network is shown in Fig. 7. At the first phase of the reduction
step, the queue of the station 1 is shortened (in the middle). The
new transition and session arrival rates are computed based on
Eqs. 19 and 20. At the second phase, the queue of the station
2 is shortened and the reduced network is constructed (at the
right). Then, the traffic equations of the reduced network (Eq.
1) are solved and the Poisson sources modeling the input traffic
to the equivalent queueing network of the region of interest
from the remaining network are computed.

Using the theorem of Norton, we estimate an equivalent
network only for the region in which there is a WiFi infras-
tructure. By solving the traffic equations for this network and
integrating the results with the already estimated outcomes
of other regions, new models for the average data rate can
be determined. For each different offloading percentage, we
adjust the parameters of the equivalent network appropriately
but without applying the theorem of Norton again. This sig-
nificantly reduces the computational complexity but introduces
an error in the estimated performance metrics. For example,
our experiments indicate that in a scenario in which the WiFi

infrastructure covers 22% of the total area of the network and
each BS is associated with 9 APs, the theorem of Norton
reduces the execution time of the solution of the traffic
equations by 94% with a maximum mean absolute error of
0.38 Mbps for the average data rate (computed with respect to
all values of the offloading percentage). Note that the theorem
of Norton was not applied in the performance evaluation of
Section IV, and thus, the results presented in the corresponding
figures are not approximations.

VI. CONCLUSIONS AND FUTURE WORK

Our framework provides detailed models for several eco-
nomic and technological aspects of WiFi offloading in wireless
markets. In contrast to other approaches, it models the effect of
offloading on the perceived QoS by users, the competition of
providers, and user decisions. This work solved several tech-
nical difficulties which arise due to the detailed modeling of
the markets. For example, various discontinuities appear in the
derivatives of the utility functions of providers. To address this,
we have proposed a novel algorithm that computes the NEs
of providers under such discontinuities. Moreover, to reduce
the computational complexity of the analysis of large-scale
markets, we also proposed an innovative network aggregation
algorithm based on the theorem of Norton. This algorithm
constructs equivalent networks for a specific region of interest
omitting the details of the entire networks of providers. This
algorithm achieves significant computational gains, with a
small deterioration of the accuracy.

Based on our framework, we performed an extensive
evaluation of the WiFi offloading under various scenarios.
Our results highlight the benefits of the WiFi offloading to
users and providers. It is not always beneficial for providers
to lease capacity from a large number of APs. The additional
revenue of a provider from the offloading increases with the
WiFi coverage but with a diminishing rate. Furthermore, the
closer the effective bandwidth of the cellular BSs and WiFi
APs, the larger the optimal offloading percentage. In general,
the offloading is more beneficial for providers with large
bandwidth/infrastructure compared to small ones.

We plan to incorporate in our framework an entity that
sells access to a WiFi infrastructure (e.g., via a VCG auction).
Our modeling framework can be extended to study a variety of
business cases in wireless markets including, partnerships be-
tween providers, MVNOs, and femtocells, and the problem of
capacity planning. We believe that the framework can be also
applied to other domains that involve markets with congestion-
limited services (e.g., cloud computing, smart grids). This work
sets a methodological basis for performing such studies.
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APPENDIX A
COMPUTATION OF THE USER NE

For each user NE z∗ = (z∗0 , z
∗
1 , ..., z

∗
I ), we can prove the

following lemmas:

Lemma 1: All strategies with a strictly positive market share
at a user NE z∗ should correspond to the same utility.
Proof: If the Lemma 1 does not hold, there will exist at
least two strategies i, j with a strictly positive market share
such that ui(z∗i ; c) > uj(z

∗
j ; c). Users that have selected the

strategy j would have the incentive to select the strategy i as
it offers a higher utility. This contradicts the definition of a NE.

Lemma 2: All strategies with a market share of 0 at a user
NE z∗ should correspond to a utility that is lower than or
equal to the utility of the strategies with a strictly positive
market share.
Proof: If the Lemma 2 does not hold, there will be at least
two strategies i, j such that the strategy i has a market share
of 0 (i.e., z∗i = 0) and the strategy j has a strictly positive
market share (i.e., z∗j > 0) and ui(z

∗
i ; c) > uj(z

∗
j ; c). Users

that have selected the strategy j would have the incentive
to select the strategy i as it offers a higher utility. This
contradicts the definition of a NE.

Lemma 3: At a user NE z∗, we can divide the set of strategies
H into two disjoint subsets X and Y , such that: (i) X is non-
empty, (ii) all strategies in X correspond to the same utility,
(iii) all strategies in Y correspond to a market share of 0. The
pair X and Y is not necessarily unique.
Proof: For a user NE z∗, we will construct two sets X and
Y that satisfy the conditions of the Lemma 3. The set of all
strategies with a strictly positive market share at z∗ is non-
empty (given that

∑
j∈H z

∗
j = 1) and is denoted as X1. Based

on the Lemma 1, all strategies in X1 correspond to the same
utility (U ). All other strategies in H − X1 correspond to a
market share of 0. Therefore, according to the Lemma 2, all
strategies in H −X1 correspond to a utility that is lower than
or equal to U . We divide the set H − X1 into two subsets,
one containing the strategies with utility equal to U and one
containing the strategies with utility strictly lower than U
(denoted as X2 and X3, respectively). For each subset S ⊆ X2,
we can define the sets X = X1 ∪ S and Y = (X2 − S)∪X3.
The set X is non-empty (given that X1 is non-empty) and all
strategies in X correspond to a utility equal to U . All strategies
in Y correspond to a market share of 0. Therefore, the sets X
and Y satisfy the conditions of the Lemma 3. If X2 = ∅, then
based on the above construction process, the sets X and Y are
unique. Otherwise, they are not unique.

APPENDIX B
UNIQUENESS OF USER NE

As mentioned in Section III-B, every population game
admits at least one NE (as can be proven by applying
Kakutani’s fixed point theorem). Furthermore, based on our
assumption that the function f of Eq. 5 is strictly increasing



and that the average data rate Ri(zi) is strictly decreasing in
zi (Eq. 4), it follows that the user utility function ui(zi; c) is
strictly decreasing in zi for all i ∈ {1, ..., I}. Now, we will
prove the uniqueness of the user NE for each price vector c
of providers.

Theorem 1: If the utility functions ui(zi; c) are strictly de-
creasing in zi, for each price vector c of providers, there exists
a unique user NE.
Proof: First, we will prove that at a user NE z∗, all strategies
with a strictly positive market share should correspond to
the same utility. If this is not true, then there will be two
strategies k and j with strictly positive market share, such that
uk(z∗k; c) < uj(z

∗
j ; c). This contradicts the definition of NE

at z∗ because users that have selected the strategy k would
have the incentive to select the strategy j as it corresponds
to a higher utility. Let us now assume that for a specific
price vector c, there exist multiple user NEs. We select an
arbitrary pair of such equilibriums z+ =

(
z+0 , z

+
1 , ..., z

+
I

)
and

z− =
(
z−0 , z

−
1 , .., z

−
I

)
. When a user selects a strategy that has

a strictly positive market share at the equilibrium z+, it will
obtain a utility denoted as U+. Similarly, when a user selects a
strategy with a strictly positive market share at the equilibrium
z−, it will obtain a utility denoted as U−. If we assume that
z+ 6= z−, then there will be two different strategies k, j ∈ H ,
such that z+k > z−k and z+j < z−j . First, given that z+ 6= z−,
there will be at least a strategy k ∈ H , such that z+k 6= z−k .
Without loss of generality, we assume that z+k > z−k , then:

z+k > z−k ⇒ 1− z+k < 1− z−k ⇒
∑
i 6=k

z+i <
∑
i 6=k

z−i (21)

We still need to prove that there exists a strategy j 6=
k, such that z+j < z−j . We will prove that by contradiction.
Specifically, we assume that z+i ≥ z−i for all i 6= k. Then,∑
i 6=k z

+
i ≥

∑
i 6=k z

−
i . This contradicts the inequality 21. In

summary, we have proven that if z+ 6= z−, then there will
be two different strategies k, j ∈ H , such that z+k > z−k and
z+j < z−j . We will now distinguish two cases:

Case (a): None of the strategies k, j is the disconnection.
As mentioned earlier, each strategy, except the disconnection,
has a strictly decreasing utility function. Therefore, the func-
tions uk(zk; c) and uj(zj ; c) are strictly decreasing in zk and
zj , respectively, and it follows that:

z+k > z−k ≥ 0⇒ U+ = uk(z+k ; c) < uk(z−k ; c) ≤ U− (22a)
z−j > z+j ≥ 0⇒ U− = uj(z

−
j ; c) < uj(z

+
j ; c) ≤ U+ (22b)

The final inequality in 22a is true because if z−k > 0, then
uk(z−k ; c) = U− (as shown earlier, all strategies with a strictly
positive market share should correspond to the same utility, i.e.,
U−), while if z−k = 0, then uk(z−k ; c) ≤ U− (otherwise there
is a contradiction in the definition of NE at z−). A similar
argument can be made for the final inequality of 22b. The
inequalities 22a and 22b contradict each other.

Case (b): One of the strategies k, j is the disconnection.
Without loss of generality, we assume that k = 0 and j 6= 0.
Given that the utility function uj(zj ; c) is strictly decreasing
in zj , it follows that:

z+0 > z−0 ≥ 0⇒ U+ = u0(z+0 ; c) = u0(z−0 ; c) ≤ U− (23a)
z−j > z+j ≥ 0⇒ U− = uj(z

−
j ; c) < uj(z

+
j ; c) ≤ U+ (23b)

The inequalities 23a and 23b contradict each other. Therefore,
z+ and z− should coincide. We have proven that for each
arbitrary pair of user NEs z+ and z− at c, those equilibriums
should coincide. Therefore, at each price vector c corresponds
a unique user NE.

APPENDIX C
THE GNEP PROBLEM

Consider the game of providers with its set of strategies
restricted in the region 1. This region corresponds to an
orthogonally convex set7 A1 ⊂ C that can be defined by
a number of inequalities. The orthogonal convexity of the
regions 1 and 2 is proven in the Appendix E.

A1 =
{
c ∈ C : g1j (c) ≤ 0,∀j ∈ {1, ..., 2I + 1}

}
(24)

Each provider i ∈ P is characterized by its utility function
σ1
i : A1 → R which is restricted on the set A1. A strategy

profile c ∈ A1 is a vector containing the prices offered by
all providers and can be annotated as (ci, c−i), where ci is the
price of the provider i and c−i is a vector containing the prices
of all other providers except i. To proceed with the analysis, we
make the following assumption: σ1

i (·, c−i) and g1j (·, c−i) are
continuously differentiable ∀c−i, i = 1, ..., I, j = 1, ..., 2I + 1.

A game satisfying the above condition is annotated as Γ1 =
(P,A1, {σ1

i }i∈P ). One necessary and sufficient condition for a
point c∗ ∈ A1 to be a Nash equilibrium of the game Γ1 is that
for each provider i, its chosen strategy (c∗i ) is a best response
to the strategies of all other providers.

σ1
i (c∗i , c

∗
−i) ≥ σ1

i (ci, c
∗
−i), ∀ci ∈ X1

i (c∗−i) (25)

The set X1
i (c∗−i) contains all possible prices that can be offered

by the provider i when the prices of all other providers are c∗−i
(X1

i (c∗−i) = {ci : (ci, c
∗
−i) ∈ A1}). In general, the price of a

provider i ∈ P at the Nash equilibrium c∗ can be determined
by solving the following optimization problem.

minimize
ci∈X1

i (c
∗
−i)

− σ1
i (ci, c

∗
−i)

subject to g1j (ci, c
∗
−i) ≤ 0, j = 1, . . . , 2I + 1.

(26)

The Lagrange function of the problem is defined in Eq. 27.

L1
i (ci, c

∗
−i, λi) = −σ1

i (ci, c
∗
−i) +

2I+1∑
j=1

λijg
1
j (ci, c

∗
−i) (27)

The vector λi = (λi1, λi2..., λi2I+1) contains the Lagrange
multipliers that correspond to all inequality constraints. The
KKT conditions for the problem (26) are defined in detail in
the system 28.

7A set S in the Euclidean space is called orthogonally convex, if any
segment parallel to any of the coordinate axes connecting two points of S
lies totally within S.



∂L1
i (ci, c

∗
−i, λi)

∂ci
= 0

g1j (ci, c
∗
−i) ≤ 0, j = 1, . . . , 2I + 1

λij ≥ 0, j = 1, . . . , 2I + 1

λijg
1
j (ci, c

∗
−i) = 0, j = 1, . . . , 2I + 1

(28)

We can now combine the KKT conditions of the optimization
problems of individual providers to the general system 29.

∂L1
i (c, λi)

∂ci
= 0, i = 1, . . . , I (29a)

g1j (c) ≤ 0, j = 1, . . . , 2I + 1 (29b)
λij ≥ 0, i = 1, . . . , I and j = 1, . . . , 2I + 1 (29c)

λijg
1
j (c) = 0, i = 1, . . . , I and j = 1, . . . , 2I + 1 (29d)

The NEs of the game of providers restricted in the region
1 can either lie in the interior of the region 1 or at the
surface separating the regions 1 and 2. All local maxima of
the utility function of each individual provider (solutions of the
problem 26) at these sets of points satisfy the LICQ constraint
qualification. Therefore, the conditions of the system 29 are
satisfied at each pure-strategy NE of the game of providers
restricted in the region 1 [27]. A similar argument can be made
for the game of providers restricted in the region 2.

APPENDIX D
COMPUTATION OF THE DERIVATIVES OF THE UTILITY

FUNCTIONS OF PROVIDERS

In the region 1, the user NE z∗(c) corresponds to the
solution of Eqs. 7, i.e. to z1(c). Therefore, the derivatives of
the provider utility functions in the region 1 are derived as
follows:

∂σ1
i (c)

∂ci
= N

∂z1i (c)

∂ci
ci +Nz1i (c) (30)

Given that the user NE z1(c) is computed numerically, no
closed-form solution can be determined for the function ∂z1i (c)

∂ci

and therefore, for the function ∂σ1
i (c)
∂ci

. However, the user NE
at the region 1 satisfies the Eqs. 7:

ui(z
1
i (c); c) = u1(z11(c); c) ∀i ∈ {2, ..., I} ⇒

gi(z
1
i )− wP ci = g1(z11)− wP c1 (31)

In Eq. 31, gi(z1i ) = f
(
Ri(z

1
i )
)
. Now, we will differentiate Eq.

31 with respect to ck:

∂gi(z
1
i )

∂z1i

∂z1i (c)

∂ck
− wP

∂ci
∂ck

=
∂g1(z11)

∂z11

∂z11(c)

∂ck
− wP

∂c1
∂ck

Based on Eqs. 7, z11 = 1 −
∑I
j=2 z

1
j . We substitute this

expression in the above equation.

∂gi(z
1
i )

∂z1i

∂z1i (c)

∂ck
− wP

∂ci
∂ck

=

− ∂g1(z11)

∂z11

I∑
j=2

∂z1j (c)

∂ck
− wP

∂c1
∂ck
∀i ∈ {2, ..., I} (32)

Note that in Eq. 32, all terms are known except from the terms
∂z1j (c)

∂ck
for j ∈ {2, ..., I}. Therefore, it is a linear system of I−1

equations with I−1 unknowns. Similar systems can be defined
for all k ∈ {1, ..., I}. By solving these systems of equations,
we compute the values of ∂z1i (c)

∂ci
needed for the computation

of the derivatives of the utility functions of providers (Eq. 30).
The derivatives of the provider utility functions in the region
2 are computed similarly.

APPENDIX E
ORTHOGONAL CONVEXITY OF REGIONS 1 AND 2

As mentioned in the Appendix C, for the formulation of
the GNEP problems that correspond to the regions 1 and
2, it is required that these regions are orthogonally convex.
The orthogonal convexity of these regions is proven by the
following theorems.

Theorem 1: The region 2 is orthogonally convex.
Proof: Consider two price vectors ca = (c1, ..., c

a
i , ..., cI) and

cb = (c1, ..., c
b
i , ..., cI) in the region 2 (i.e., ca, cb ∈ A2) with

cbi > cai (Fig. 8). The vector ca differs from cb only in the price
of the provider i. Take an arbitrary point c = (c1, ..., ci, ..., cI)
on the line segment connecting ca and cb. We will prove that
this point belongs in the region 2.

* *𝑐𝑏𝑐𝑎 𝑐

Axis of prices of provider 𝑖

Region 2

Fig. 8: The vectors ca, cb, and c.

Given that ca, cb ∈ A2, there exist two market share vectors
that are NEs of the game of users at ca and cb, respectively.
At these NEs, the utilities of all strategies are equal to 0
(case b of Section III-B1). We denote these vectors as z+ =
(z+0 , z

+
1 , ..., z

+
i , ..., z

+
I ) and z− = (z−0 , z

−
1 , ..., z

−
i , ..., z

−
I ). The

vector z+ is the one in which the market share of the provider
i is the largest (i.e., z+i > z−i ) 8 and corresponds to one of
the price vectors ca or cb which we denote as c+, while the
other is denoted as c−. The price vectors c+ and c− (i.e., ca
and cb) belong in the region 2 and therefore, the utilities of all
strategies at the equilibriums z+ and z− are equal to zero (see
case b in Section III-B1). Based on the definition of the user
utility function (Eq. 5), the following equations are derived:

f
(
Ri(z

+
i )
)

= wP c
+
i (33a)

f
(
Ri(z

−
i )
)

= wP c
−
i (33b)

We define a new function gi(zi) = f (Ri(zi)). This function
is continuous as a composite of the continuous functions f(x)
and Ri(zi). According to the intermediate value theorem, there
exists a zi ∈ [z−i , z

+
i ] such that gi(zi) = wP ci. We can now

8Note that z+i and z−i cannot be equal because in such a case, the utility
that corresponds to the strategy i could not be equal to zero at both z+ and
z−.



construct a market share vector z∗ which is a NE of the game
of users at c as follows:

z∗ = (z∗0 , z
∗
1 , ..., z

∗
i , ..., z

∗
I ) =1−

∑
j 6=0,i

z+j − zi, z
+
1 , ..., zi, ..., z

+
I

 (34)

It is evident that
∑I
j=0 z

∗
j = 1. Furthermore, z∗j ≥ 0 for

j 6= 0, i as part of the user NE at c+, z∗i = zi ≥ z−i ≥ 0,
and z∗0 = 1 −

∑
j 6=0,i z

+
j − zi ≥ 1 −

∑
j 6=0 z

+
j = z+0 ≥ 0. In

summary, z∗ is a valid probability distribution and when the
market share of users becomes equal to z∗ at c, the utilities of
all strategies become equal to 0 (i.e., it satisfies the conditions
of Eqs. 9 and 10). Therefore, c belongs in the region 2. A
similar argument can be made for all other points on the
line segment connecting ca and cb. Therefore, the entire line
segment is included in the region 2. This proves that the
region 2 is orthogonally convex.

Theorem 2: If the utility functions ui(zi; c) are strictly de-
creasing in zi, the region 1 is orthogonally convex.
Proof: As mentioned in the Appendix B, the user utility func-
tion ui(zi; c) is strictly decreasing in zi for all i ∈ {1, ..., I}.
Now, consider two price vectors c+ = (c1, ..., c

+
i , ..., cI)

and c− = (c1, ..., c
−
i , ..., cI) belonging in the region 1 (c+,

c− ∈ A1). The vector c+ differs from c− only in the price
of the provider i and we assume that c+i > c−i (Fig. 9). Take
an arbitrary point c = (c1, ..., ci, ..., cI) on the line segment
connecting c+ and c−. We will prove that this point also
belongs in the region 1.

* *𝑐+𝑐− 𝑐

Axis of prices of provider 𝑖

Region 1

Fig. 9: The vectors c+, c−, and c.

Given that c+, c− ∈ A1, there exist two market
share vectors z+ = (z+0 , z

+
1 , ..., z

+
i , ..., z

+
I ) and z− =

(z−0 , z
−
1 , ..., z

−
i , ..., z

−
I ) that are NEs of the game of users

at c+ and c−, respectively. Additionally, the market share of
the disconnection at these equilibriums is equal to zero (i.e.,
z+0 = 0, z−0 = 0) (see case a in Section III-B1). At the point c,
there exists a unique user NE z∗ (proven in the Appendix B).
We will distinguish cases for this NE. First, we will assume
that this equilibrium contains positive market share for the
disconnection (i.e., z∗0 > 0). Given that z∗0 > 0, there exists a
strategy j ∈ {1, ..., I} such that z+j > z∗j . This can be easily
proven by contradiction. If j = i, then:

z+i > z∗i , c
+
i > ci ⇒

ui(z
∗
i ; ci) > ui(z

+
i ; ci) > ui(z

+
i ; c+i ) (35)

Given that the disconnection has a strictly positive market
share at z∗, then according to the Lemmas 1 and 2 of the
Appendix A, it follows that ui(z∗i ; ci) ≤ 0 and based on the

inequalities 35 ui(z+i ; c+i ) < 0. This contradicts the definition
of NE at c+ because users that have selected the strategy i
would have the incentive to select the disconnection as it offers
higher utility compared to the strategy i 9. If j 6= i, then:

z+j > z∗j ⇒ uj(z
∗
j ; cj) > uj(z

+
j ; cj) (36)

Given that the disconnection has a strictly positive market
share at z∗, it follows that uj(z∗j ; cj) ≤ 0. Therefore, based
on the inequality 36 uj(z+j ; cj) < 0. This also contradicts the
definition of NE at c+. In summary, at c, it is not possible
for a NE to have a positive market share for the disconnection
(i.e., z∗0 = 0).

We will now prove that at z∗, the subscriptions of all
providers correspond to the same utility. According to the
Lemmas of the Appendix A, all strategies with a strictly
positive market share at z∗ correspond to the same utility (U ).
We divide the set of strategies H−{0} into two subsets X and
Y , such that, X contains all strategies with utility equal to U
and Y contains all strategies with utility strictly lower than U ,
at z∗. Note that, at z∗, there are no strategies with utility larger
than U . Additionally, all strategies in Y correspond to a market
share of 0. Otherwise, there would be a contradiction in the
definition of NE. Let us now assume that not all subscriptions
of providers correspond to the same utility, at z∗. Then, the
set Y will be non-empty. If i ∈ Y , then:

z+i ≥ z
∗
i = 0, c+i > ci ⇒

U > ui(z
∗
i ; ci) ≥ ui(z+i ; ci) > ui(z

+
i ; c+i ) (37)

Given that c+ belongs in the region 1, at z+, the subscriptions
of all providers correspond to the same utility (see case a in
Section III-B1). Therefore, ui(z+i ; c+i ) = uk(z+k ; ck) for all
k ∈ X . Furthermore, at z∗, all strategies in X correspond to
utility equal to U (i.e. uk(z∗k; ck) = U for all k ∈ X). By
substituting the above expressions in Eq. 37, it follows that:

U = uk(z∗k; ck) > uk(z+k ; ck) ∀k ∈ X ⇒
z∗k < z+k ∀k ∈ X ⇒

∑
k∈X

z∗k <
∑
k∈X

z+k (38)

However, at z∗, all strategies with a strictly positive market
share belong in X and therefore

∑
k∈X z

∗
k = 1. Based on Eq.

38, it follows that
∑
k∈X z

+
k > 1 which is a contradiction. If

i ∈ X , then we distinguish two additional cases:
Case (a): There exists a strategy k ∈ Y such that, z−k > 0.

In this case, we can easily prove by contradiction that there
exists another strategy j ∈ X such that, z∗j > z−j .

If j = i: z∗i > z−i , ci > c−i ⇒ ui(z
∗
i ; ci) < ui(z

−
i ; c−i ) (39a)

If j 6= i: z∗j > z−j ⇒ uj(z
∗
j ; cj) < uj(z

−
j ; cj) (39b)

Given that c− belongs in the region 1, at z−, the subscriptions
of all providers correspond to the same utility (see case a
in Section III-B1). Therefore, uj(z−j ; cj) = ui(z

−
i ; c−i ) =

uk(z−k ; ck). Based on Eqs. 39, it follows that uj(z∗j ; cj) <

uk(z−k ; ck). However, the strategy k belongs in Y and its
market share is equal to 0 at z∗ (i.e., z∗k = 0). Therefore,
z−k > 0 = z∗k ⇒ uk(z−k ; ck) < uk(z∗k; ck). By combining

9Note that in Eq. 5, the utility that corresponds to a provider i ∈ {1, ..., I}
depends only on the market share (zi) and price (ci) of that provider. To
simplify the analysis in this proof, we will denote the utility that corresponds
to a provider i as ui(zi; ci) instead of ui(zi; c).



the above expressions, it follows that uj(z∗j ; cj) < uk(z∗k; ck).
This contradicts the definition of NE at z∗ because users that
have selected the strategy j would have the incentive to select
the strategy k as it offers higher utility.

Case (b): z−k = 0 for all strategies k ∈ Y . In this case,
all strategies k ∈ Y correspond to a market share of 0 at both
z∗ and z−. Therefore, uk(z∗k; ck) = uk(z−k ; ck) for all k ∈ Y .
Furthermore, given that c− belongs in the region 1, at z−, the
subscriptions of all providers correspond to the same utility,
i.e., uk(z−k ; ck) = ui(z

−
i ; c−i ) = uj(z

−
j ; cj) for all j ∈ X−{i}.

By combining the above equations, it follows that uk(z∗k; ck) =
ui(z

−
i ; c−i ) = uj(z

−
j ; cj) for all j ∈ X − {i}. Furthermore, at

z∗, the utilities of all strategies in Y are strictly lower than
the utility of strategies in X , i.e., uk(z∗k; ck) < uj(z

∗
j ; cj) for

all j ∈ X . Based on the above expressions, it follows that
uj(z

∗
j ; cj) > uj(z

−
j ; cj) for all j ∈ X − {i}. Additionally,

given that c−i < ci, it follows that ui(z∗i ; ci) > ui(z
−
i ; c−i ) >

ui(z
−
i ; ci). Therefore, uj(z∗j ; cj) > uj(z

−
j ; cj), for all j ∈ X .

However, the functions uj(zj ; cj) are strictly decreasing with
respect to zj and therefore:

z∗j < z−j ∀j ∈ X ⇒
∑
j∈X

z∗j <
∑
j∈X

z−j (40)

Given that the set X contains all strategies with strictly
positive market share at z∗, it follows that

∑
j∈X z

∗
j = 1.

If we substitute this expression in Eq. 40,
∑
j∈X z

−
j > 1.

This is a contradiction. In summary, at z∗, the utilities of
all subscriptions are the same and the market share of the
disconnection is equal to 0. Therefore, c belongs in the region
1. A similar argument can be made for all other points on the
line segment connecting c+ and c−. Therefore, the entire line
segment is included in the region 1. This proves that the region
1 is orthogonally convex.

APPENDIX F
COMPUTATION OF GLOBAL NES

Let us denote the sets of price vectors that correspond to
the regions 1 and 2 as A1 and A2, respectively. The games
of providers restricted in these regions can be then defined
as Γ1 =

(
P,A1, {σ1

i }i∈P
)

and Γ2 =
(
P,A2, {σ2

i }i∈P
)
,

respectively. A more general game Γ = (P,A1 ∪A2, {σi}i∈P )
that is restricted on the union of the regions 1 and 2 can now
be formed. The following set of theorems relate the NEs of
the game Γ with the NEs of the games Γ1 and Γ2.

Theorem 1: A point c∗ ∈ A1 ∩A2 is a NE of the game Γ, if
and only if, it is a NE of the games Γ1 and Γ2.
Proof: Assume that a point c∗ ∈ A1∩A2 is a NE of the game
Γ. This implies the following inequalities.

σi(c
∗
i , c
∗
−i) ≥ σi(ci, c∗−i), ∀ci ∈ Xi(c

∗
−i) (41)

The set Xi(c
∗
−i) contains all possible prices that can be offered

by the provider i ∈ P when the prices of all other providers
are c∗−i (Xi(c

∗
−i) = {ci : (ci, c

∗
−i) ∈ A1 ∪ A2}). If we define

X1
i (c∗−i) = {ci : (ci, c

∗
−i) ∈ A1} and X2

i (c∗−i) = {ci :
(ci, c

∗
−i) ∈ A2} as the sets of prices that can be offered by

the provider i at the games Γ1 and Γ2, respectively, when the
prices of all other providers are c∗−i, we deduce the following

inequalities.

σ1
i (c∗i , c

∗
−i) ≥ σ1

i (ci, c
∗
−i), ∀ci ∈ X1

i (c∗−i)

σ2
i (c∗i , c

∗
−i) ≥ σ2

i (ci, c
∗
−i), ∀ci ∈ X2

i (c∗−i)
(42)

Therefore, c∗ is a NE of the games Γ1 and Γ2. Let us now
consider the reverse statement and assume that a point c∗ ∈
A1 ∩ A2 is a NE of the games Γ1 and Γ2. This implies the
following inequalities.

σ1
i (c∗i , c

∗
−i) ≥ σ1

i (ci, c
∗
−i), ∀ci ∈ X1

i (c∗−i)

σ2
i (c∗i , c

∗
−i) ≥ σ2

i (ci, c
∗
−i), ∀ci ∈ X2

i (c∗−i)
⇒ (43)

σi(c
∗
i , c
∗
−i) ≥ σi(ci, c∗−i), ∀ci ∈ X1

i (c∗−i)∪X2
i (c∗−i)⇒ (44)

σi(c
∗
i , c
∗
−i) ≥ σi(ci, c∗−i), ∀ci ∈ Xi(c

∗
−i) (45)

Therefore, the point c∗ is a NE of the game Γ.

Theorem 2: A point c∗ ∈ A1\A2 is a NE of the game Γ,
if and only if, it is a NE of the game Γ1 and the following
conditions are true.

σ1
i (c∗i , c

∗
−i) ≥ σ2

i (ci, c
∗
−i), ∀ci ∈ X2

i (c∗−i), ∀i ∈ P. (46)

Proof: Assume that a point c∗ ∈ A1\A2 is a NE of the game
Γ. This implies the following inequalities.

σi(c
∗
i , c
∗
−i) ≥ σi(ci, c∗−i), ∀ci ∈ Xi(c

∗
−i)⇒ (47)

σ1
i (c∗i , c

∗
−i) ≥ σ1

i (ci, c
∗
−i), ∀ci ∈ X1

i (c∗−i)

σ1
i (c∗i , c

∗
−i) ≥ σ2

i (ci, c
∗
−i), ∀ci ∈ X2

i (c∗−i)
(48)

Therefore, the point c∗ is a NE of the game Γ1 and
σ1
i (c∗i , c

∗
−i) ≥ σ2

i (ci, c
∗
−i), ∀ci ∈ X2

i (c∗−i). Let us now
consider the reverse statement and assume that a point
c∗ ∈ A1\A2 is a NE of the game Γ1 and σ1

i (c∗i , c
∗
−i) ≥

σ2
i (ci, c

∗
−i), ∀ci ∈ X2

i (c∗−i). Then, we can deduce the fol-
lowing inequalities.

σ1
i (c∗i , c

∗
−i) ≥ σ1

i (ci, c
∗
−i), ∀ci ∈ X1

i (c∗−i)

σ1
i (c∗i , c

∗
−i) ≥ σ2

i (ci, c
∗
−i), ∀ci ∈ X2

i (c∗−i)
⇒ (49)

σi(c
∗
i , c
∗
−i) ≥ σi(ci, c∗−i), ∀ci ∈ X1

i (c∗−i)∪X2
i (c∗−i)⇒ (50)

σi(c
∗
i , c
∗
−i) ≥ σi(ci, c∗−i), ∀ci ∈ Xi(c

∗
−i) (51)

Therefore, the point c∗ is a NE of the game Γ.

Theorem 3: A point c∗ ∈ A2\A1 is a NE of the game Γ,
if and only if, it is a NE of the game Γ2 and the following
conditions are true.

σ2
i (c∗i , c

∗
−i) ≥ σ1

i (ci, c
∗
−i), ∀ci ∈ X1

i (c∗−i), ∀i ∈ P. (52)

Proof: Similar as Theorem 2.


