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$EVWUDFW�� $� PRVW� FUXFLDO� SUREOHP� LQ� NQRZOHGJH� UHSUHVHQWDWLRQ� LV� WKH� UHYLVLRQ� RI�
NQRZOHGJH� ZKHQ� QHZ�� SRVVLEO\� FRQWUDGLFWRU\�� LQIRUPDWLRQ� LV� REWDLQHG� �EHOLHI�
UHYLVLRQ���,Q�WKLV�UHSRUW��ZH�DGGUHVV�WKLV�SUREOHP�ZKHQ�WKH�NQRZOHGJH�EDVH�LV�D�VHW�RI�
H[SUHVVLRQV�LQ�SURSRVLWLRQDO�ORJLF��:H�LQWURGXFH�D�QHZ�UHSUHVHQWDWLRQ�RI�SURSRVLWLRQDO�
H[SUHVVLRQV� XVLQJ� ��GLPHQVLRQDO�PDWULFHV� DQG� SURYLGH� WKH� WKHRUHWLFDO� XQGHUSLQQLQJV�
RI� WKLV� UHSUHVHQWDWLRQ�� :H� SURYH� VHYHUDO� SURSRVLWLRQV� UHJDUGLQJ� PDWULFHV� DQG� WKHLU�
VLPLODULW\�ZLWK� FODVVLFDO� ORJLF� DQG� VKRZ�ZK\� WKLV� UHSUHVHQWDWLRQ� LV�PRUH� H[SUHVVLYH�
WKDQ�FODVVLFDO�SURSRVLWLRQDO�ORJLF��:H�H[SORLW�WKLV�LQFUHDVHG�H[SUHVVLYHQHVV�WR�GHYLVH�D�
VROXWLRQ� WR� WKH� SUREOHP� RI� EHOLHI� UHYLVLRQ� LQ� SURSRVLWLRQDO� NQRZOHGJH� EDVHV� DQG�
GHVFULEH�D�VLPSOH�PHWKRG�WR�SHUIRUP�UHYLVLRQV�DQG�FRQWUDFWLRQV�XQGHU�WKLV�QHZ�QRWLRQ��
)LQDOO\��ZH�FRPSDUH�RXU�PHWKRG�ZLWK�SURSRVHG�DOJRULWKPV�IURP�WKH�OLWHUDWXUH��

�

��� ,QWURGXFWLRQ�
7KH�SUREOHP�RI� UHYLVLQJ� EHOLHIV� LV� WKH� SUREOHP�RI� DGDSWLQJ� D� JLYHQ� SLHFH� RI�

NQRZOHGJH� WR� DFFRPPRGDWH� D� QHZ� SLHFH� RI� LQIRUPDWLRQ� UHJDUGLQJ� WKH� ZRUOG� EHLQJ�
PRGHOHG��,W�LV�D�PRVW�FUXFLDO�SUREOHP�LQ�NQRZOHGJH�EDVHV��.%���DV�ZH�JHQHUDOO\�KDYH�
WR�GHDO�ZLWK�G\QDPLF�ZRUOGV��ZKHUH�FKDQJHV�DUH�TXLWH� IUHTXHQW��0RUHRYHU��ZH�PXVW�
EDVH� RXU� NQRZOHGJH� RQ� LQIRUPDWLRQ� WKDW� FRXOG� EH� LQFRPSOHWH�� RU� HYHQ� IDXOW\��
7KHUHIRUH��QHZ�XSGDWHV�FRXOG�FRQWUDGLFW�WKH�JLYHQ�NQRZOHGJH��DQG�ZH�VKRXOG�EH�DEOH�
WR�WUDFN�DQG�UHPRYH�WKH�FRQWUDGLFWLRQV�FUHDWHG�E\�HDFK�XSGDWH��

7KH�XSGDWLQJ�PHWKRGV�RI�NQRZOHGJH�DUH�E\�QR�PHDQV�REYLRXV��HYHQ�ZKHQ�ZH�
DUH�FRQFHUQHG�ZLWK�WKH�LQWXLWLYH�SURFHVVHV�RQO\��/HW�XV�FRQVLGHU�WKH�VLPSOH�H[DPSOH�RI�
NQRZLQJ�D� IDFW�$��DV�ZHOO� DV� WKH�SURSRVLWLRQ�$�%��2QH�REYLRXV� LPSOLFDWLRQ�RI� WKH�
DERYH�LV�WKH�IDFW�%��E\�PRGXV�SRQHQV���ZKLFK�FRXOG�EH�LQVHUWHG�LQWR�RXU�.%�DV�D�QHZ�
IDFW��/HW�XV�QRZ�FRQVLGHU�WKH�QHJDWLRQ�RI�%��Ä%��HQWHULQJ�LQWR�WKH�EDVH�DV�D�QHZ�SLHFH�
RI�NQRZOHGJH��LH�DQ�XSGDWH���7KLV�FRQWUDGLFWV�RXU�DVVXPSWLRQ�WKDW�%�LV�WUXH��VR�ZH�ZLOO�
KDYH� WR� JLYH� XS� VRPH� �RU� DOO�� RI� RXU� SUHYLRXV� EHOLHIV� RU� ZH� ZRXOG� UHVXOW� LQ� DQ�
LQFRQVLVWHQW�.%��$OWHUQDWLYHO\��ZH�FRXOG�UHMHFW�WKH�XSGDWH�DV�QRQ�YDOLG��(YHQ�LQ�WKLV�
WULYLDO�H[DPSOH�� LW� LV�QRW�FOHDU�ZKLFK�DSSURDFK�VKRXOG�EH�WDNHQ��([WUD�ORJLFDO�IDFWRUV�
VKRXOG� EH� WDNHQ� LQWR� DFFRXQW�� OLNH� WKH� VRXUFH� DQG� UHOLDELOLW\� RI� HDFK� SLHFH� RI�
LQIRUPDWLRQ�RU�VRPH�NLQG�RI�ELDV�WRZDUGV�RU�DJDLQVW�XSGDWHV��

7KLV�DQG�VLPLODU�SUREOHPV�KDYH�EHHQ�DGGUHVVHG�E\�VHYHUDO�VFLHQWLVWV��LQFOXGLQJ�
SKLORVRSKHUV��FRPSXWHU�VFLHQWLVWV��ORJLFLDQV�DQG�RWKHUV��LQ�DQ�HIIRUW�WR�SURYLGH�XV�ZLWK�
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DQ�LQWXLWLYHO\�FRUUHFW�PHWKRG�RI�EHOLHI�XSGDWLQJ��$Q�H[FHOOHQW�LQWURGXFWRU\�VXUYH\�RI�
VXFK� HIIRUWV� E\� *lUGHQIRUV� PD\� EH� IRXQG� LQ� >�@�� 7KLV� UHSRUW� FRQFHQWUDWHV� RQ� WKH�
GHVFULSWLRQ�RI�D�QHZ�PHWKRG�RI�UHSUHVHQWLQJ�SURSRVLWLRQDO�H[SUHVVLRQV�DQG�WKH�HIIHFWV�
RI� WKLV� UHSUHVHQWDWLRQ� RQ� WKH� SUREOHP� RI� EHOLHI� UHYLVLRQ�� )RU� D� VKRUW�� EXW� SDUWLDO�
GHVFULSWLRQ�RI�RXU�WHFKQLTXH��VHH�>�@��

��� 3UHYLRXV�:RUN�
2QH�RI�WKH�ILUVW�DWWHPSWV�WR�VROYH�WKH�EHOLHI�UHYLVLRQ�SUREOHP�LV�GXH�WR�)DJLQ��

8OOPDQ�DQG�9DUGL�>�@��+RZHYHU��DV�SURYHQ�LQ�WKH�VDPH�SDSHU��WKHLU�PHWKRG�IRUFHV�XV�
WR� FRPSOHWHO\� DEDQGRQ� WKH� ROG� NQRZOHGJH� ZKHQHYHU� ZH� XSGDWH� WKH� EDVH� ZLWK� DQ�
LQFRQVLVWHQW�SLHFH�RI�LQIRUPDWLRQ��7KLV�PD\�EH�XQDFFHSWDEOH�LQ�PRVW�DSSOLFDWLRQV��

'DODO� LQ�>����@�SURSRVHG�DQRWKHU��PRUH�SURPLVLQJ�PHWKRG�RI� UHYLVLQJ�EHOLHIV��
+H� SURYLGHG� D� VSHFLILF� DOJRULWKP� IRU� XSGDWLQJ� SURSRVLWLRQDO� GDWDEDVHV� ZKLFK� ZDV�
EDVHG�RQ�IRXU�EDVLF�SULQFLSOHV��QDPHO\��
��� ,UUHOHYDQFH�RI�6\QWD[��/RJLFDOO\�HTXLYDOHQW�GDWDEDVHV� �DQG�XSGDWHV���VKRXOG�JLYH�

ORJLFDOO\�HTXLYDOHQW�XSGDWH�UHVXOWV��
��� 3ULPDF\� RI�1HZ� ,QIRUPDWLRQ��1HZ� NQRZOHGJH� LV� DOZD\V� DVVXPHG�PRUH� UHOLDEOH�

WKDQ�ROG�NQRZOHGJH��
��� 3HUVLVWHQFH�RI�3ULRU�.QRZOHGJH��$V�PXFK�DV�SRVVLEOH�RI� WKH�ROG�GDWD� VKRXOG�EH�

UHWDLQHG�LQ�WKH�GDWDEDVH��ZH�VKRXOG�RQO\�UHWUDFW�WKH�PLQLPXP�NQRZOHGJH�QHHGHG�WR�
NHHS�WKH�GDWDEDVH�FRQVLVWHQW��

��� )DLUQHVV�� $OO� WKLQJV� EHLQJ� HTXDO�� ZKHQ� ZH� KDYH� PRUH� WKDQ� RQH� FKRLFH� IRU� WKH�
UHVXOW�RI� WKH�XSGDWH��QRQH�RI� WKH�FKRLFHV�VKRXOG�EH�DUELWUDULO\�FKRVHQ�� LQ�RUGHU� WR�
SUHVHUYH�GHWHUPLQLVP��

�
'DODO� DOVR� IRUPDOL]HG� WKH� QRWLRQ� RI� PLQLPDO� FKDQJH� �WKLUG� SULQFLSOH�� DQG�

SURYHG� �>�@�� WKDW� KLV� PHWKRG� JHQHUDOO\� UHWDLQHG� PRUH� NQRZOHGJH� LQ� FDVHV� RI�
LQFRQVLVWHQW�XSGDWHV�WKDQ�DQ\�RI�WKH�XS�WR�WKHQ�SURSRVHG�DOJRULWKPV��

$Q� DOWHUQDWLYH� DSSURDFK� ZDV� SUHVHQWHG� E\� $OFKRXUURQ�� *lUGHQIRUV� DQG�
0DNLQVRQ�LQ�D�VHULHV�RI�SDSHUV��>��������@���7KHLU�LGHD�ZDV�WR�UHFHGH�IURP�WKH�VHDUFK�RI�
DQ\�VSHFLILF�DOJRULWKP�DQG�DWWHPSW�WR�IRUPDOL]H�WKH�QRWLRQ�RI�XSGDWH��$V�D�UHVXOW��D�VHW�
RI�ZLGHO\�DFFHSWHG�SURSHUWLHV�RI�DQ\�EHOLHI�UHYLVLRQ�DOJRULWKP�ZDV�LQWURGXFHG��LQ�WKH�
IRUP� RI� SRVWXODWHV� ZKLFK� ZHUH� LQ� IDFW� D� VHW� RI� ORJLFDO� SURSRVLWLRQV� �QDPHG�$*0�
SRVWXODWHV�DIWHU�WKH�LQLWLDOV�RI�WKH�DXWKRUV���%\�VSHFLI\LQJ�WKRVH�SRVWXODWHV��D�VHULHV�RI�
LPSRUWDQW�WKHRUHWLFDO�UHVXOWV�FRXOG�EH�SURYHG���

7KH�$*0�SRVWXODWHV�LQVSLUHG�D�VHULHV�RI�RWKHU�ZRUNV��OLNH�>��@�E\�.DWVXQR�DQG�
0HQGHO]RQ�ZKR� SURSRVHG� D� GLIIHUHQW� WKHRUHWLFDO� IRXQGDWLRQ� RI� XSGDWH� IXQFWLRQV� E\�
UHIRUPXODWLQJ� WKH� $*0� SRVWXODWHV� LQ� WHUPV� RI� IRUPXODV�� 7KH\� DOVR� SURYLGHG� DQ�
HOHJDQW� UHSUHVHQWDWLRQ� EDVHG� RQ� RUGHULQJV� RI� EHOLHI� VHWV�� 2WKHU� ZRUNV� LQYHVWLJDWHG�
JHQHUDOL]DWLRQV� RI� WKH� SRVWXODWHV� LQWR� WKH� NQRZOHGJH� OHYHO� �>��@��� DQG� WKHUH� ZHUH� D�
QXPEHU�RI�DOWHUQDWLYH�SURSRVLWLRQV��>�����@���0RVW�RI�WKH�DERYH�ZRUNV�DUH�FRQFHUQHG�
ZLWK� WKH� WKHRUHWLFDO� IRXQGDWLRQ�RI� WKH�EHOLHI� UHYLVLRQ�SUREOHP��VR� WKH\�DUH�PRVWO\�RI�
WKHRUHWLFDO� LQWHUHVW�� :LOOLDPV� LQ� >���� ��@� IROORZHG� D� PRUH� SUDFWLFDO� DSSURDFK� E\�
SURYLGLQJ�LPSOHPHQWDWLRQV�RI�DOJRULWKPV�EDVHG�RQ�WKH�$*0�SDUDGLJP��

��� 3URSHUWLHV�RI�%HOLHI�5HYLVLRQ�
,Q�RUGHU�WR�DGGUHVV�WKH�SUREOHP�RI�EHOLHI�UHYLVLRQ�ZH�PXVW�ILUVW�H[DPLQH�VRPH�

RI� LWV� SURSHUWLHV�� 2QH� SULPDU\� FRQVLGHUDWLRQ� LV� WKH� FRQFXUUHQFH� RI� WKH� UHVXOWV� ZLWK�
KXPDQ� LQWXLWLRQ��7KLV�FRQVLGHUDWLRQ� LV� IRUPDOO\�H[SUHVVHG�E\� WKH�SULQFLSOHV�RI�'DODO�
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DQG�WKH�$*0�SRVWXODWHV��+RZHYHU��LW�LV�QRW�DEVROXWHO\�FOHDU�KRZ�KXPDQV�UHYLVH�WKHLU�
EHOLHIV��GHVSLWH�WKH�HIIRUWV�E\�SV\FKRORJLVWV�LQ�WKH�DUHD��

2QH�H[DPSOH�RI�GLVDJUHHPHQW�LV�WKH�UHSUHVHQWDWLRQ�RI�NQRZOHGJH�LQ�WKH�KXPDQ�
EUDLQ�� 7KHUH� DUH� WZR� JHQHUDO� W\SHV� RI� WKHRULHV� FRQFHUQLQJ� WKLV� UHSUHVHQWDWLRQ��
IRXQGDWLRQ�DQG�FRKHUHQFH�WKHRULHV��>�@���)RXQGDWLRQDO�WKHRULVWV�DUJXH�WKDW�NQRZOHGJH�
VKRXOG�FRQVLVW�RI�D�VHW�RI�UHDVRQV��$FFRUGLQJ�WR�WKLV�WKHRU\��NQRZOHGJH�KDV�WKH�IRUP�RI�
D� S\UDPLG��ZKHUH� RQO\� VRPH� EHOLHIV� �FDOOHG� IRXQGDWLRQDO�� RU� UHDVRQV�� FDQ� VWDQG� E\�
WKHPVHOYHV�� WKH� UHVW� EHLQJ� GHULYHG� E\� WKH�PRVW� EDVLF� �IRXQGDWLRQDO�� EHOLHIV��2Q� WKH�
RWKHU� KDQG�� FRKHUHQFH� WKHRULVWV� EHOLHYH� WKDW� HDFK� SLHFH� RI� NQRZOHGJH� KDV� DQ�
LQGHSHQGHQW�VWDQGLQJ�DQG�QHHGV�QR�MXVWLILFDWLRQ��DV�ORQJ�DV�LW�GRHV�QRW�FRQWUDGLFW�ZLWK�
RWKHU� EHOLHIV�� 6XUSULVLQJO\�� H[SHULPHQWV� KDYH� VKRZQ� WKDW� WKH� KXPDQ� EUDLQ� DFWXDOO\�
XVHV� WKH�FRKHUHQFH�SDUDGLJP��>�@���+RZHYHU�� WKHUH�KDV�EHHQ�FRQVLGHUDEOH�GHEDWH�RQ�
WKH�H[SODQDWLRQ�RI�WKH�H[SHULPHQWV¶�UHVXOWV��7KH�H[SHULPHQWV�VKRZHG�WKDW�SHRSOH�WHQG�
WR�LJQRUH�FDXVDOLW\�UHODWLRQVKLSV�RQFH�D�EHOLHI�KDV�EHHQ�DFFHSWHG�DV�D�IDFW��HYHQ�LI�WKLV�
EHOLHI�KDV�EHHQ�DFFHSWHG�VROHO\�E\�GHGXFWLRQ�IURP�RWKHU�EHOLHIV��7KH�IROORZHUV�RI�WKH�
FRKHUHQFH�DSSURDFK�DUJXH�WKDW�ZKDW�DFWXDOO\�KDSSHQV�LV� WKDW�KXPDQV�GR�QRW�DFWXDOO\�
LJQRUH�WKH�FDXVDOLW\�UHODWLRQVKLSV��EXW�IRUJHW�WKHP��7KH�VXEMHFW�ZLOO�EH�YHU\�ZLOOLQJ�WR�
UHMHFW�DQ\�EHOLHIV�ZKRVH�ORJLFDO�VXSSRUW�QR�ORQJHU�H[LVWV��EXW�RQO\�LI�KH�LV�UHPLQGHG�RI�
WKLV�IDFW��

7KH� DSSURDFK� �IRXQGDWLRQDO� RU� FRKHUHQFH�� FKRVHQ� JUHDWO\� LQIOXHQFHV� WKH�
DOJRULWKPV�FRQVLGHUHG��)RXQGDWLRQDO�.%V�QHHG�WR�VWRUH�WKH�UHDVRQV�IRU�EHOLHIV��DORQJ�
ZLWK�WKH�EHOLHIV�WKHPVHOYHV��.%V�EDVHG�RQ�WKH�FRKHUHQFH�SDUDGLJP�QHHG�WR�VWRUH�WKH�
VHW�RI�EHOLHIV�RQO\��5HDVRQV�VKRXOG�EH�WDNHQ�LQWR�DFFRXQW�ZKHQ�UHYLVLQJ�D�.%�RQO\�LI�
WKH� IRXQGDWLRQDO�DSSURDFK� LV�VHOHFWHG��7KH�FRKHUHQFH�SDUDGLJP�SUDFWLFDOO\�FRQVLGHUV�
DOO�EHOLHIV�HTXDO�DQG�LJQRUHV�DQ\�FDXVDOLW\�UHODWLRQVKLSV��

7KH� VHW� RI�EHOLHIV�RI� DQ\�.%� LQFOXGHV� WKH�GHULYHG�EHOLHIV�� ,W� LV� JHQHUDOO\� WKH�
FDVH�WKDW�WKH�GHULYHG�EHOLHIV�DUH�WRR�PDQ\��RU�HYHQ�LQILQLWHO\�PDQ\��7KLV� LV�D�VHULRXV�
GUDZEDFN��VR�LW�KDV�EHHQ�SURSRVHG�WKDW�LQVWHDG�RI�WKH�ZKROH�VHW�RI�EHOLHIV��EHOLHI�VHW���D�
VPDOO�QXPEHU�RI�SURSRVLWLRQV�FRXOG�EH�VWRUHG��EHOLHI�EDVH���HQRXJK�WR�UHSURGXFH�WKH�
ZKROH�VHW�YLD�GHGXFWLRQ��%HOLHI�VHWV�DUH�XVHIXO� WKHRUHWLF�FRQVWUXFWLRQV��EXW�FDQQRW�EH�
GLUHFWO\�XVHG�LQ�LPSOHPHQWDWLRQV��GXH�WR�WKHLU�VL]H��%HOLHI�EDVHV�DUH�PRUH�XVHIXO�ZKHQ�
LW�FRPHV�WR�DSSOLFDWLRQV��7KH�XVH�RI�EHOLHI�EDVHV�GRHV�QRW�QHFHVVDULO\�IRUFH�XV�WR�XVH�
WKH�IRXQGDWLRQDO�SDUDGLJP��WKH�FDXVDOLW\�UHODWLRQVKLSV�SRVVLEO\�LPSOLHG�E\�WKH�XVH�RI�
WKH�WKHRUHP�SURYHU�WKDW�SHUIRUPV�WKH�GHGXFWLRQ�FRXOG�RU�FRXOG�QRW�EH�XVHG��GHSHQGLQJ�
RQ�WKH�DSSURDFK��

7KH�XVH�RI�EHOLHI�EDVHV�JLYHV�ULVH�WR�DQRWKHU�SUREOHP�ZKLFK�LV�WKH�VHOHFWLRQ�RI�
WKH� EHOLHI� EDVH�� ,Q� JHQHUDO�� D� JLYHQ� EHOLHI� VHW� FDQ� EH� GHULYHG� IURP� VHYHUDO� EDVHV��
'LIIHUHQW� VHOHFWLRQV� RI� EDVHV� PD\� JLYH� GLIIHUHQW� UHDVRQV� �GHGXFWLRQV�� DQG� WKLV�
GLIIHUHQFH� LV� FUXFLDO� XQGHU� WKH� IRXQGDWLRQDO� DSSURDFK�� EXW� LUUHOHYDQW� XQGHU� WKH�
FRKHUHQFH�DSSURDFK��

$QRWKHU� LPSRUWDQW�FRQVLGHUDWLRQ� LV� WKH�SUREOHP�RI� LWHUDWHG�UHYLVLRQV��$OO� WKH�
DOJRULWKPV�GHVFULEHG�VR�IDU�DUH�FRQFHUQHG�ZLWK�MXVW�RQH�XSGDWH��7KHUH�DUH�FDVHV�ZKHQ�
WKLV�LV�QRW�HQWLUHO\�FRUUHFW��,W�FDQ�EH�VKRZQ�WKDW�WKHUH�DUH�VHTXHQFHV�RI�UHYLVLRQV�ZKLFK�
JLYH� FRXQWHU�LQWXLWLYH� UHVXOWV� LI�ZH�SURFHVV�HDFK�RQH� LQGLYLGXDOO\��$�VROXWLRQ� WR� WKLV�
SUREOHP� LV� WR� SURFHVV� WKH� VHTXHQFH� RI� UHYLVLRQV� DV� D� ZKROH� �>��� ��@��� 7KH� PDLQ�
SUREOHP� UHJDUGLQJ� WKH� RQH�XSGDWH� DOJRULWKPV� LV� WKH� IDFW� WKDW� WKH� EHOLHI� EDVH� LV� QRW�
SURSHUO\�VHOHFWHG�DIWHU�HDFK�XSGDWH��EHFDXVH� WKH�DOJRULWKPV�DUH�RQO\�FRQFHUQHG�ZLWK�
WKH�UHVXOW�RI�WKH�XSGDWH�DQG�QRW�ZLWK�KRZ�WKLV�UHVXOW�RFFXUUHG��7KLV�FDQ�FDXVH�WKH�ORVV�
RI�YDOXDEOH�LQIRUPDWLRQ��7KH�SURSRVHG�VROXWLRQ�LV�EDVHG�RQ�WKH�SULQFLSOH�WKDW�WZR�.%V�
VKRXOG�EH�FRQVLGHUHG�HTXLYDOHQW�LI��LQ�DGGLWLRQ�WR�WKH�ORJLFDO�HTXLYDOHQFH�RI�WKH�EDVHV�
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WKHPVHOYHV��WKH\�ZLOO�JLYH�HTXLYDOHQW�UHVXOWV�WR�DOO�SRVVLEOH�XSGDWHV�DV�ZHOO��7KLV�LV�WKH�
EDVLF� SULQFLSOH� JRYHUQLQJ� WKH� DOJRULWKPV� RI� LWHUDWHG� EHOLHI� UHYLVLRQ� �>��@��� ,W� LV� DOVR�
SRLQWHG� RXW� LQ� >�@�� ZKHUH� WKH� GLIIHUHQFH� EHWZHHQ� EHOLHI� VHWV� �NQRZOHGJH� RQO\�� DQG�
HSLVWHPLF�VWDWHV��NQRZOHGJH�LQFOXGLQJ�LQIRUPDWLRQ�RQ�KRZ�WR�UHYLVH�LW��LV�GLVFXVVHG��

$Q�DGGLWLRQDO�GLIILFXOW\� RI� WKH�SUREOHP�RI�EHOLHI� UHYLVLRQ� LV� WKH� IDFW� WKDW� WKH�
UHVXOW� RI� DQ� XSGDWH�PD\�DOVR�GHSHQG�RQ� WKH� VRXUFH�RI� WKH�GDWD��/HW�XV� VXSSRVH� WKDW�
WKHUH�DUH�WZR�ODPSV��$�DQG�%��LQ�D�URRP�DQG�ZH�NQRZ�WKDW�H[DFWO\�RQH�RI�WKHP�LV�RQ��
2XU�NQRZOHGJH�FDQ�EH�UHSUHVHQWHG�E\�WKH�SURSRVLWLRQ���$ÅÄ%�Æ�Ä$Å%���,I�ZH�PDNH�
WKH�REVHUYDWLRQ�WKDW�ODPS�$�LV�RQ��WKH�XSGDWH�FRXOG�EH�GHVFULEHG�E\�WKH�SURSRVLWLRQ�$�
DQG�WKH�LQWXLWLYHO\�FRUUHFW�UHVXOW�IRU�WKH�XSGDWH�LV�WKH�SURSRVLWLRQ�$ÅÄ%��DV�ZH�NQRZ�
QRZ�WKDW�%�LV�RII��

2Q�WKH�RWKHU�KDQG��LI�D�URERW�LV�VHQW�LQWR�WKH�URRP�LQ�RUGHU�WR�WXUQ�ODPS�$�RQ��
WKHQ�ZH�ZRXOG�DJDLQ�KDYH�WKH�XSGDWH�$��7KH�SURSHU�LQWXLWLYH�UHVXOW�RI�WKH�XSGDWH�LV�WKH�
SURSRVLWLRQ�$� LQ� WKLV� FDVH�� DV�ZH� NQRZ�QRWKLQJ� DERXW� WKH� VWDWH� RI� ODPS�%�� LW� FRXOG�
KDYH� EHHQ� RQ� RU� RII� EHIRUH� VHQGLQJ� WKH� URERW� LQ� WKH� URRP� �DQG� VWD\HG� VR��� 7KLV�
H[DPSOH� VKRZV� WKDW�HYHQ� LGHQWLFDO� �QRW� MXVW�HTXLYDOHQW��GDWDEDVHV� FDQ�JLYH�GLIIHUHQW�
LQWXLWLYHO\�FRUUHFW�UHVXOWV�ZLWK�LGHQWLFDO�XSGDWHV���

,Q�RUGHU� WR�RYHUFRPH� WKH�SUREOHP�� WZR�GLIIHUHQW� W\SHV�RI�XSGDWHV�KDYH� EHHQ�
GHILQHG�LQ�>��@��QDPHO\�UHYLVLRQ�DQG�XSGDWH��5HYLVLRQ�LV�XVHG�ZKHQ�QHZ�LQIRUPDWLRQ�
DERXW� D� VWDWLF� ZRUOG� LV� REWDLQHG�� 7KLV� LV� WKH� ILUVW� FDVH� RI� RXU� H[DPSOH� ZKHUH� WKH�
REVHUYDWLRQ� GLG� QRW� FKDQJH� WKH� VWDWH� RI� $� DQG� %�� 7KH� $*0� SRVWXODWHV� DQG� WKH�
DOJRULWKPV�SUHVHQWHG�GHDO�ZLWK�UHYLVLRQV��$�UHYLVLRQ�LV�SHUIRUPHG�ZKHQ�WKH�VRXUFH�RI�
WKH� GDWD� LV� DQ� REVHUYDWLRQ� UHJDUGLQJ� WKH� ZRUOG�� 8SGDWH� LV� XVHG� ZKHQ� WKH� ZRUOG�
G\QDPLFDOO\� FKDQJHV� DQG�ZH�KDYH� WR� UHFRUG� WKDW� FKDQJH�� ,Q� WKH� VHFRQG� FDVH� RI� RXU�
H[DPSOH�� WKH� URERW� FKDQJHG� WKH� VWDWH� RI� ODPS�$�� DQG� FRQVHTXHQWO\� WKH� VWDWH� RI� WKH�
ZRUOG�EHLQJ�PRGHOHG��7KHUHIRUH��WKH�UHVXOW�RI�WKH�XSGDWH�PXVW�EH�GLIIHUHQW��$Q�XSGDWH�
LV�SHUIRUPHG�ZKHQ� WKH� UHDVRQ�RI�FKDQJH� LV� DQ� DFWLRQ�� LQVWHDG�RI�DQ�REVHUYDWLRQ��$Q�
H[FHOOHQW�VWXG\�RQ�WKH�SUREOHP�PD\�EH�IRXQG�LQ�>��@��ZKHUH�D�QHZ�VHW�RI�SRVWXODWHV��
DGHTXDWH� IRU�XSGDWH�� LV� SUHVHQWHG��$V�ZH�ZLOO� VHH�� RXU� DSSURDFK�ZLOO� GHDO�ZLWK�ERWK�
NLQGV�RI�XSGDWHV�LQWHUFKDQJHDEO\��VR�WKURXJKRXW�WKLV�UHSRUW�ZH�ZLOO�XVH�ERWK�WHUPV�WR�
UHIHU�WR�ERWK�NLQGV�RI�XSGDWHV��

��� 'ULYLQJ�&RQVLGHUDWLRQV�
%HIRUH�GHVFULELQJ�KRZ�RXU�DSSURDFK�GHDOV�ZLWK� WKH�DERYH�SUREOHPV��ZH�ZLOO�

PDNH�D�VKRUW�GHVFULSWLRQ�RI�WKH�ORJLFDO�IUDPHZRUN�XVHG��:H�ZLOO�UHVWULFW�RXUVHOYHV�LQ�
.%V� ZKRVH� NQRZOHGJH� FDQ� EH� H[SUHVVHG� XVLQJ� D� ILQLWH� QXPEHU� RI� SURSRVLWLRQDO�
H[SUHVVLRQV��7KH� XQGHUO\LQJ� SURSRVLWLRQDO� ODQJXDJH�ZLOO� FRQWDLQ� WKH� XVXDO� RSHUDWRUV�
�Ä�Å�Æ�������SDUHQWKHVHV�� WKH� ORJLFDO�FRQVWDQWV� �7�)��DQG�D� ILQLWH�QXPEHU�RI�DWRPV�
� �� ��«� Q��� 7KH� ODQJXDJH� ZLOO� EH� GHQRWHG� E\� /� DQG� WKH� VHW� RI� DOO� SURSRVLWLRQV�
UHVXOWLQJ�IURP�WKH�ODQJXDJH�/�ZLOO�EH�GHQRWHG�E\�/
��

,QWHUSUHWDWLRQV�ZLOO�EH�YLHZHG�DV�DQ�DVVLJQPHQW�RI�ORJLFDO�YDOXHV��7�)��WR�WKH�
DWRPV�RI�WKH�ODQJXDJH��,Q�PRVW�FDVHV��LW�ZLOO�EH�PRUH�FRQYHQLHQW�WR�XVH�WKH�FRQVWDQW���
LQVWHDG�RI�)�DQG�WKH�FRQVWDQW���LQVWHDG�RI�7��8QGHU�WKLV�QRWLRQ��DQ�LQWHUSUHWDWLRQ�LV�DQ�
RUGHUHG�ILQLWH�VHTXHQFH�RI�VL]H�Q� �HTXDO� WR� WKH�QXPEHU�RI�DWRPV� LQ� WKH�SURSRVLWLRQDO�
ODQJXDJH���FRQVLVWLQJ�RI�HOHPHQWV�IURP�WKH�VHW�^���`���

5HJDUGLQJ� WKH� UHSUHVHQWDWLRQ� RI� WKH� EDVH��ZH�ZLOO� DGRSW�1HEHO¶V� SURSRVLWLRQ�
�>��@���1HEHO�SURSRVHV� WKH�XVH�RI�D�EHOLHI�EDVH�FRQVLVWLQJ�RI�SURSRVLWLRQDO�VHQWHQFHV�
UHSUHVHQWLQJ�VSHFLILF�REVHUYDWLRQV��H[SHULPHQWV��UXOHV�HWF��RXW�RI�ZKLFK�RXU�NQRZOHGJH�
LV� GHULYHG�� ,Q� HIIHFW�� XQGHU� WKLV� QRWLRQ�� WKH� EHOLHI� EDVH� FRQVLVWV� RI� WKH� LQGLYLGXDO�
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XSGDWHV��7KLV�DSSURDFK�IROORZV�WKH�IRXQGDWLRQDO�SDUDGLJP��DV�WKH�SURSRVLWLRQV�LQ�WKH�
.%�DUH�WKH�IRXQGDWLRQDO�EHOLHIV�DQG�WKH�UHVW�DUH�LPSOLHG�GLUHFWO\�RU�LQGLUHFWO\�E\�WKHP���

:H�EHOLHYH� WKDW� WKH� IRXQGDWLRQDO�DSSURDFK� LV�PRUH�FRPSDWLEOH�ZLWK�FRPPRQ�
VHQVH��DQG�WKDW��LQ�SULQFLSOH��NQRZOHGJH�LV�DFWXDOO\�GHULYHG�IURP�WKH�REVHUYDWLRQV�ZH�
PDNH� DERXW� WKH�ZRUOG�� 7KHUHIRUH�� WKH� VWRUDJH� RI� WKH� REVHUYDWLRQV� WKHPVHOYHV� LV� WKH�
EHVW�ZD\�WR�GHVFULEH�RXU�NQRZOHGJH��>��@���7KH�GHULYHG�IDFWV�PD\�EH�XVHG�IRU�IDVWHU�
GHGXFWLRQ� DQG� TXHU\� DQVZHULQJ�� EXW� WKH\� DUH� RI� QR� YDOXH� DV� IDU� DV� WKH� DFWXDO�
NQRZOHGJH� LV� FRQFHUQHG�� 7KLV� GHDOV�ZLWK� WKH� SUREOHP� RI� LWHUDWHG� UHYLVLRQV� DV�ZHOO��
EHFDXVH�HDFK�REVHUYDWLRQ�LV�DFWXDOO\�RQH�UHYLVLRQ�DQG�LV�H[SOLFLWO\�VWRUHG��DOORZLQJ�XV�
WR�SURFHVV�WKH�ZKROH�VHTXHQFH�RI�UHYLVLRQV��LI�WKLV�SURYHV�QHFHVVDU\��

$W� DQ\� JLYHQ� SRLQW� LQ� WLPH�� WKH� UHDO� ZRUOG� FDQ� EH� UHSUHVHQWHG� E\� D� XQLTXH�
DVVLJQPHQW�RI�WUXWK�YDOXHV�WR�WKH�DWRPV�GHVFULELQJ�LW��,Q�RWKHU�ZRUGV��WKH�UHDO�ZRUOG�LV�
XQLTXHO\�LGHQWLILHG�E\�RQH�LQWHUSUHWDWLRQ��ZKLFK�PD\�FKDQJH�WKURXJK�WLPH��2XU�JRDO�LV�
WR� ILQG� WKLV� LQWHUSUHWDWLRQ��8VXDOO\�� DQ� REVHUYDWLRQ�ZLOO� RQO\� JLYH� SDUWLDO� NQRZOHGJH�
UHJDUGLQJ�WKH�ZRUOG��E\�VSHFLI\LQJ�WKH�WUXWK�YDOXHV�RI�VRPH��EXW�QRW�DOO��DWRPV�LQ�WKH�
UHDO� ZRUOG�� 2I� FRXUVH�� WKH� XSGDWH� �REVHUYDWLRQ�� PD\� FRQWDLQ� GLVMXQFWLRQV�� ZKLFK�
PHDQV�WKDW�HDFK�GLVMXQFWLRQ�GHVFULEHV�D�GLIIHUHQW�SRVVLEOH�ZRUOG��0RUHRYHU��ZH�FDQQRW�
EH�VXUH�LQ�DGYDQFH�WKDW�WKH�XSGDWH�LV�FRUUHFW��:H�PD\�RQO\�DVVXPH�LWV�FRUUHFWQHVV�DQG�
LI�RXU�DVVXPSWLRQ�LV�ZURQJ��WKLV�PD\�OHDG�XV�DZD\�IURP�WKH�UHDO�ZRUOG��

7KH�DERYH�UHPDUN�OHDGV�XV�WR�DQRWKHU�FRQVLGHUDWLRQ��UHJDUGLQJ�WKH�DSSURYDO�RU�
UHMHFWLRQ� RI� HDFK� QHZ� XSGDWH�� :KHQHYHU� D� FRQWUDGLFWRU\� XSGDWH� LV� SHUIRUPHG�� WKH�
FRQWUDGLFWLRQ�PD\�EH�UHVROYHG�LQ�WZR�ZD\V��HLWKHU�ZH�FRQVLGHU�WKH�XSGDWH�FRUUHFW�DQG�
WU\�WR�FKDQJH�WKH�.%�WR�DFFRPPRGDWH�WKH�XSGDWH��RU�ZH�FRQVLGHU�WKH�.%�FRUUHFW�DQG�
UHMHFW�RU�WU\�WR�FKDQJH�WKH�XSGDWH�LQ�RUGHU�WR�EH�DFFRPPRGDWHG�LQ�WKH�.%���

8QGHU�PRVW�XSGDWLQJ�VFKHPHV��XSGDWHV�DUH�FRQVLGHUHG�PRUH�UHOLDEOH� WKDQ� WKH�
ROG�GDWD��7KLV�LV�JHQHUDOO\�D�JRRG�SUDFWLFH��DV�XSGDWHV�DUH�XVXDOO\�UHJDUGHG�DV�WKH�ODWHVW�
LQIRUPDWLRQ�DERXW� WKH�ZRUOG�DQG�FDQ�EH�DVVXPHG�FRUUHFW��+RZHYHU�� WKLV�PD\�QRW�EH�
WUXH�LQ�VHYHUDO�FDVHV��DV�WKH�QHZ�GDWD�PD\�FRPH�IURP�D�QRLV\�RU�RWKHUZLVH�XQUHOLDEOH�
VRXUFH��,Q�RUGHU�WR�RYHUFRPH�WKH�SUREOHP��ZH�ZLOO�DVVLJQ�D�QRQ�QHJDWLYH�UHDO�QXPEHU�
WR� HDFK� EHOLHI�� ZKLFK� ZLOO� UHSUHVHQW� LWV� UHOLDELOLW\�� :H� ZLOO� FDOO� WKLV� QXPEHU� WKH�
5HOLDELOLW\�)DFWRU�RI�WKH�EHOLHI�DQG�ZH�ZLOO�XVH�WKH�DEEUHYLDWLRQ�5)��:KHQ�D�SLHFH�RI�
FRQWUDGLFWRU\� LQIRUPDWLRQ� LV� XVHG� WR� UHYLVH� RXU� NQRZOHGJH�� DW� OHDVW� VRPH� RI� WKH�
H[LVWLQJ�GDWD��RU�WKH�XSGDWH�LWVHOI��PXVW�EH�UHMHFWHG��7KH�XVH�RI�WKH�5)�LPSOLHV�WKDW�WKH�
SLHFH�V�� RI� GDWD� WR� EH� UHMHFWHG� VKRXOG� EH� WKH� RQH�V�� ZLWK� WKH� ORZHVW� 5)�� 1RWLFH�
KRZHYHU� WKDW� WKHUH� DUH� FDVHV�ZKHUH� VPDOO� FKDQJHV� LQ� H[LVWLQJ�SLHFHV�RI�GDWD� �RU� WKH�
XSGDWH�� DUH� HQRXJK� WR� DFFRPPRGDWH� WKH� XSGDWH� ZLWKRXW� LQWURGXFLQJ� DQ\�
LQFRQVLVWHQFLHV��1R�GDWD�UHMHFWLRQ�LV�QHFHVVDU\�LQ�WKLV�FDVH��7KH�VHOHFWLRQ�RI�WKH�GDWD�WR�
UHMHFW� RU� FKDQJH� LV� QRW� DQ� HDV\� RQH�� EHFDXVH� WKHUH� PD\� EH� VHYHUDO� ZD\V� WR�
DFFRPPRGDWH� DQ� XSGDWH�� )LQGLQJ� DOO� SRVVLEOH�ZD\V� WR� GR� VR� UHTXLUHV� HYDOXDWLQJ� DOO�
SRVVLEOH� VXEVHWV� RI� RXU� EHOLHI� EDVH� DQG� FRPSDULQJ� DOO� WKH� ZD\V� RI� UHPRYDO� RI� WKH�
LQFRQVLVWHQF\�LQ�WHUPV�RI�5)�FRVW��7KLV�LV�D�FRPSXWDWLRQDOO\�H[SHQVLYH�RSHUDWLRQ��

��� 7DEOH�7UDQVIRUPDWLRQ�
&RQVLGHUDWLRQV� VXFK� DV� WKH� DERYH�� OHG� XV� WR� WKH� VHDUFK� RI� DQ� DOJRULWKP� WKDW�

ZRXOG� JLYH� XV� WKH� FRQWUDGLFWLRQV�� WKH� SRVVLEOH� ZD\V� RI� UHPRYDO� DQG� WKH� FRVW� RI�
UHPRYDO�SHU�FDVH�DW� WKH� VDPH� WLPH��7KLV�FDQ�EH�GRQH�E\� WKH�DSSOLFDWLRQ�RI� WKH� WDEOH�
WUDQVIRUPDWLRQ��ZKLFK� WUDQVIRUPV�DQ� H[SUHVVLRQ�RI� DQ\� ILQLWH�SURSRVLWLRQDO� ODQJXDJH�
LQWR�D���GLPHQVLRQDO�PDWUL[�RI�FRPSOH[�QXPEHUV��

7KH�WUDQVIRUPDWLRQ�FDQ�EH�DSSOLHG�WR�DQ\�SURSRVLWLRQ��KRZHYHU��IRU� WHFKQLFDO�
UHDVRQV�LW�LV�EHWWHU�WR�XVH�WKH�SURSRVLWLRQ¶V�GLVMXQFWLYH�QRUPDO�IRUP��'1)���$Q\�ZHOO�
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IRUPHG�IRUPXOD�LQ�SURSRVLWLRQDO�ORJLF�KDV�DQ�HTXLYDOHQW�'1)�H[SUHVVLRQ��VR�WKLV�LV�QRW�
D�UHVWULFWLRQ��7KH�WUDQVIRUPDWLRQ�UHWXUQV�D���GLPHQVLRQDO�PDWUL[�RI�FRPSOH[�QXPEHUV��
,Q� >�@�ZH�XVHG�RUGHUHG�SDLUV�RI�QRQ�QHJDWLYH�QXPEHUV� LQVWHDG�RI�FRPSOH[�QXPEHUV��
EXW� WKH� LGHD� LV� SUHWW\�PXFK� WKH� VDPH�� DV� RUGHUHG� SDLUV� FDQ� EH� DVVLJQHG� WR� FRPSOH[�
QXPEHUV�DQG�YLFH�YHUVD��

,Q�VKRUW��HDFK�DWRP�RI�WKH�ODQJXDJH�LV�DVVLJQHG� WR�RQH�FROXPQ�RI�WKH�PDWUL[��
DQG�WKHUH�DUH�DV�PDQ\�OLQHV�LQ�WKH�PDWUL[�DV�WKH�QXPEHU�RI�GLVMXQFWV�LQ�WKH�'1)�RI�WKH�
SURSRVLWLRQDO� H[SUHVVLRQ�� ,Q� WKH� ILJXUH� EHORZ�� ZH� VKRZ� WKH� WUDQVIRUPDWLRQ� RI� WKH�
H[SUHVVLRQ�3 � ÅEÅÄF�Æ� ÅÄEÅG�Æ�FÅH��LQWR�LWV�UHVSHFWLYH�PDWUL[��:H�VXSSRVH�WKDW�
WKH�ODQJXDJH�FRQVLVWV�RI���DWRPV��QDPHO\� ��E��F��G�DQG�H��VR�WKH�PDWUL[�KDV���FROXPQV��
7KH�H[SUHVVLRQ�LV�DOUHDG\�LQ�'1)�DQG�LW�KDV���GLVMXQFWV��VR�WKH�QXPEHU�RI�OLQHV�LQ�WKH�
PDWUL[� LV� ��� $V� IDU� DV� WKH� FRQWHQWV� RI� WKH� PDWUL[� DUH� FRQFHUQHG� �FDOOHG� HOHPHQWV�
KHUHRI���WKH�SURFHGXUH�LV�WKH�IROORZLQJ��DQ�HOHPHQW�KDV�WKH�YDOXH�RI���LI�DQG�RQO\�LI�WKH�
UHVSHFWLYH�DWRP�LQ�WKH�UHVSHFWLYH�GLVMXQFW�DSSHDUV�DV�D�SRVLWLYH�DWRP��LI�QHJDWLYH�WKH�
YDOXH�LV� L�� LI� WKH�DWRP�GRHV�QRW�DSSHDU�DW�DOO�� WKHQ�WKH�YDOXH�RI� WKH�HOHPHQW�LV����7KH�
DSSOLFDWLRQ�RI�WKHVH�UXOHV�RQ�WKH�H[SUHVVLRQ�3�UHVXOWV�LQ�WKH�PDWUL[�EHORZ��

(DFK�HOHPHQW�LQ�WKH�PDWUL[�UHSUHVHQWV�WKH�W\SH�RI�PHPEHUVKLS�RI�RQH�DWRP�LQ�
RQH�GLVMXQFW�RI�WKH�SURSRVLWLRQ��7KLV�PHPEHUVKLS�PD\�EH�SRVLWLYH������QHJDWLYH��L��RU�
]HUR������GHSHQGLQJ�RQ�KRZ�WKH�DWRP�DSSHDUV�LQ�WKH�UHVSHFWLYH�GLVMXQFW��$GGLWLRQDOO\��
ZH�FRXOG�DVVLJQ�ZHLJKWV��UHSUHVHQWLQJ�5)��WR�DWRPV��0RUHRYHU��HOHPHQWV�RI�WKH�IRUP�
[�\L�ZKHUH�ERWK�[�DQG�\�DUH�SRVLWLYH��DUH�DOORZHG�DQG�DUH�FDOOHG�FRQWUDGLFWRU\��$�OLQH�
WKDW�FRQWDLQV�DW�OHDVW�RQH�FRQWUDGLFWRU\�HOHPHQW�LV�D�FRQWUDGLFWLRQ��0DWUL[�$�EHORZ�KDV�
ZHLJKWV�IRU�HDFK�HOHPHQW�DQG�LW�KDV�RQO\�RQH�QRQ�FRQWUDGLFWRU\�OLQH��WKH�VHFRQG�RQH��
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���H[DPSOH�RI�D�ZHLJKWHG�PDWUL[�ZLWK�FRQWUDGLFWLRQV��

1RWH� WKDW� D� FRQWUDGLFWRU\� HOHPHQW� LQGLFDWHV� WKH� H[LVWHQFH� RI� ERWK� DQ� DWRP� DQG� LWV�
QHJDWLRQ�LQ�D�FRQMXQFWLRQ��ZKLFK�LV�D�FRQWUDGLFWLRQ�LQ�SURSRVLWLRQDO�ORJLF��)LQDOO\��ZH�
DOORZ�HOHPHQWV�ZLWK�QHJDWLYH�UHDO�DQG�RU�LPDJLQDU\�SDUW��UHSUHVHQWLQJ�RXU�³VWLIIQHVV´�
LQ�WKH�DFFHSWDQFH�RI�DQ�DWRP�DQG�RU�LWV�QHJDWLRQ��

/HW�XV�VXSSRVH�WKDW�RXU�NQRZOHGJH�LV�UHSUHVHQWHG�E\�0DWUL[�$�DERYH��0DWUL[�
$�KDV���OLQHV��HDFK�RQH�UHSUHVHQWLQJ�D�GLVMXQFWLRQ��7KLV�LQGLFDWHV�WKDW�WKH�ZRUOG�EHLQJ�
PRGHOHG�E\�$�KDV���SRVVLEOH�VWDWHV��XQGHU�RXU�FXUUHQW�NQRZOHGJH��,Q�UHDOLW\��WKH�ZRUOG�
KDV�RQO\�RQH�VWDWH��DV�PHQWLRQHG�EHIRUH��EXW�RXU�NQRZOHGJH�LV�LQFRPSOHWH��VR�ZH�GRQ¶W�
NQRZ�ZKLFK� LV� WKH� FRUUHFW� VWDWH� \HW��7KHUHIRUH�� HDFK� OLQH� LQ� D�PDWUL[� UHSUHVHQWV�RQH�
SRVVLEOH�ZRUOG��0RUHRYHU��HDFK�HOHPHQW�RI� WKH�PDWUL[�VKRZV�RXU�FRQILGHQFH�LQ�HDFK�
DWRP��RU�LWV�QHJDWLRQ���SHU�SRVVLEOH�ZRUOG��7KLV�ZLOO�SURYH�YHU\�LPSRUWDQW�ODWHU�RQ��DV�
QHZ�XSGDWHV�PD\�FDVW�GRXEWV�RQ�VRPH�RI�RXU�EHOLHIV�DQG�ZH�VKRXOG�NQRZ�ZKLFK�RQH�
LV�PRUH�UHOLDEOH��

$V�ZH�ZLOO�VHH�LQ�WKH�IROORZLQJ�VHFWLRQV��WKH�DERYH�ZD\�RI�GHILQLQJ�WKH�WDEOH�
WUDQVIRUPDWLRQ� LV� QRW� WKH� RQO\� SRVVLEOH�ZD\� WR� GR� VR�� ,Q� IDFW�� WKH� XVH� RI� WKH� DERYH�
GHILQLWLRQ�SUHVHQWV� VHULRXV�SUREOHPV�ZKHQ�FRPSOH[�QXPEHUV�ZLWK�D�QHJDWLYH� UHDO�RU�
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LPDJLQDU\�SDUW�DUH�XVHG�LQ�WKH�PDWULFHV�DQG�ZKHQ�DSSOLHG�WR�SURSRVLWLRQV�QRW�LQ�'1)��
+RZHYHU�� LW¶V�RQH�RI� WKH� VLPSOHVW�ZD\V� WR�GR�VR� LI�ZH� UHVWULFW�RXUVHOYHV� WR�PDWULFHV�
ZLWK�HOHPHQWV�ZLWK�QRQ�QHJDWLYH�UHDO�DQG�LPDJLQDU\�SDUWV�DQG�H[SUHVVLRQV�LQ�'1)��

��� )RUPDO�'HILQLWLRQV�
,Q� RUGHU� WR� GHILQH� WKH� DERYH� WUDQVIRUPDWLRQ� PRUH� IRUPDOO\�� ZH� ZLOO� ILUVW�

LQWURGXFH�VRPH�QRWDWLRQV��$V�XVXDO��ZH�GHQRWH�E\� �WKH�VHW�RI�FRPSOH[�QXPEHUV��E\�L�

WKH�LPDJLQDU\�XQLW�� �-=L ���E\� �WKH�VHW�RI�UHDO�QXPEHUV�DQG�E\� ����WKH�VHW�RI�QRQ�

QHJDWLYH�UHDO�QXPEHUV��$QDORJRXVO\��ZH�GHQRWH�E\� ����WKH�VHW��
��� ^[�\L» _[�\» ���`��LH�WKH�FRPSOH[�QXPEHUV�ZKRVH�UHDO�DQG�LPDJLQDU\�SDUW�DUH�

ERWK�QRQ�QHJDWLYH��

)RU� PDWULFHV�� ZH� GHILQH� P¤Q� WR� EH� WKH� VHW� RI� PDWULFHV� ZLWK� P� OLQHV� DQG� Q�

FROXPQV�ZKRVH�HOHPHQWV�DUH�FRPSOH[�QXPEHUV��DQG� 
¤Q�WKH�VHW��

¤Q ^$» P¤Q�IRU�VRPH�P» 
`��LH�WKH�XQLRQ�RI� P¤Q�IRU�DOO�P» 
��,Q�RWKHU�ZRUGV��

¤Q� LV� WKH� VHW� RI�PDWULFHV�ZLWK� Q� FROXPQV��ZKRVH� HOHPHQWV� DUH� FRPSOH[� QXPEHUV��

$QDORJRXVO\��ZH� GHILQH� WKH� VHWV� ���P¤Q� DQG� ���
¤Q�� DV�ZHOO� DV� WKH� VHWV� P¤Q�� 
¤Q��
���P¤Q�DQG� ���
¤Q��IRU�PDWULFHV�RI�UHDO�QXPEHUV��

:H�ZLOO�XVH�WKH�XVXDO�QRWDWLRQ�IRU�DGGLWLRQ�DQG�PXOWLSOLFDWLRQ�RI�PDWULFHV��DV�
ZHOO� DV� IRU� WKH�PXOWLSOLFDWLRQ� RI� D� QXPEHU�ZLWK� D�PDWUL[��0RUHRYHU��ZH� GHILQH� WKH�
RSHUDWLRQ�RI�MX[WDSRVLWLRQ�DV�IROORZV��
'HILQLWLRQ�����

/HW� $�%» 
¤Q�� 7KH� MX[WDSRVLWLRQ� RI� $� DQG� %�� GHQRWHG� E\� $_%�� LV� WKH� PDWUL[� WKDW�
UHVXOWV�E\�SODFLQJ�WKH�OLQHV�RI�$�IROORZHG�E\�WKH�OLQHV�RI�%��LH��
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:H�ZLOO�DOVR�GHILQH�D�SDUWLWLRQLQJ�RQ� ��
'HILQLWLRQ�����

/HW� ]» � DQG� [ 5H�]��� \ ,P�]�� LWV� UHDO� DQG� LPDJLQDU\� SDUW�� UHVSHFWLYHO\�� 7KHQ� ZH�
GHILQH��
  ,I�[����\����WKHQ�]�LV�FDOOHG�SRVLWLYH��
  ,I�[����\����WKHQ�]�LV�FDOOHG�QHJDWLYH��
  ,I�[Ã\!���WKHQ�]�LV�FDOOHG�FRQWUDGLFWRU\��ZKHQ�[!��DQG�\!��RU�[���DQG�\�����
  ,I�]�LV�ERWK�SRVLWLYH�DQG�QHJDWLYH��WKHQ�]�LV�FDOOHG�]HUR��ZKHQ�[ \ ����

:H�ZLOO�GHQRWH�E\� ��WKH�VHW�RI�]HUR�FRPSOH[�QXPEHUV�� ��WKH�VHW�RI�SRVLWLYH�FRPSOH[�

QXPEHUV�� ±� WKH� VHW� RI� QHJDWLYH� FRPSOH[� QXPEHUV� DQG� 
� WKH� VHW� RI� FRQWUDGLFWRU\�
FRPSOH[�QXPEHUV��
�

,W�LV�REYLRXV�WKDW� � ^�`�� �´ ± ��� �´ 
 ³�� ±´ 
 ³�� ±µ �µ 
 ��
1RWLFH� WKDW� WKLV�SDUWLWLRQLQJ�KDV�YHU\�PXFK� WR�GR�ZLWK� WKH� LQIRUPDO�GHILQLWLRQ�RI� WKH�
WUDQVIRUPDWLRQ�DV�GHILQHG�DERYH��DV�SRVLWLYH�OLWHUDOV�DUH�DVVLJQHG�WR�SRVLWLYH�FRPSOH[�
QXPEHUV�DQG�QHJDWLYH� OLWHUDOV�DUH�DVVLJQHG� WR�QHJDWLYH�FRPSOH[�QXPEHUV��0RUHRYHU��
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]HUR�FRPSOH[�QXPEHUV�LQGLFDWH�QR�OLWHUDO�DQG�FRQWUDGLFWRU\�FRPSOH[�QXPEHUV�LQGLFDWH�
ERWK� D� OLWHUDO� DQG� LWV� QHJDWLRQ�� LH� D� FRQWUDGLFWLRQ�� )XUWKHUPRUH�� WKH� UHDO� SDUW� RI� D�
QXPEHU� UHSUHVHQWV� WKH� 5)� IRU� WKH� SRVLWLYH� OLWHUDO�� ZKHUHDV� WKH� LPDJLQDU\� SDUW�

UHSUHVHQWV�WKH�5)�IRU�WKH�QHJDWLYH�OLWHUDO��)RU�H[DPSOH��WKH�QXPEHU�±��L» ±�LQGLFDWHV�
EHOLHI�LQ�WKH�QHJDWLRQ�RI�WKH�DWRP�ZLWK�D�UHOLDELOLW\�RI���DQG�GLVEHOLHI�LQ�WKH�DWRP�LWVHOI�
E\�UHOLDELOLW\�RI����WKLV�LPSOLHV�EHOLHI�LQ�WKH�DWRP¶V�QHJDWLRQ��7KH�DERYH�UHPDUNV�DUH�
LOOXVWUDWHG�LQ�WKH�ILJXUH�EHORZ��

�
7KH�IROORZLQJ�PDWULFHV�ZLOO�EH�XVHIXO�DW�ODWHU�VWDJHV��

'HILQLWLRQ�����

  /HW�$» �¤Q�EH�D�PDWUL[�RI�WKH�IRUP�>��«���������«��@��ZKHUH�WKH�HOHPHQW���LV�LQ�
WKH�N�WK�FROXPQ��0DWUL[�$�ZLOO�EH�FDOOHG�D�N�DWRP�RU�D�SRVLWLYH�N�DWRP�DQG�ZH�ZLOO�
XVH�WKH�QRWDWLRQ�$N��

  /HW�$ ]Ã$N» �¤Q�� IRU�VRPH�]» ��0DWUL[�$�ZLOO�EH�FDOOHG�D�JHQHUDOL]HG�N�DWRP��
DQG�ZH�ZLOO�XVH�WKH�QRWDWLRQ�$N�]���,Q�WKH�VSHFLDO�FDVH�ZKHUH�] L��PDWUL[�$�ZLOO�EH�
FDOOHG�DQ�LQYHUVH�N�DWRP�RU�D�QHJDWLYH�N�DWRP�DQG�ZH�ZLOO�XVH�WKH�QRWDWLRQ�$¦N�RU�
$N�L���

  7KH�PDWUL[�$ >�� ��«��@» �¤Q� LV� FDOOHG� WKH� Q�WUXH�PDWUL[� DQG�ZH�ZLOO� XVH� WKH�
QRWDWLRQ�7Q��

  7KH�PDWUL[�$ >��L����L�«���L@» �¤Q�LV�FDOOHG�WKH�Q�IDOVH�PDWUL[�DQG�ZH�ZLOO�XVH�
WKH�QRWDWLRQ�)Q��

�
7KH�LQIRUPDO�DQDO\VLV�PDGH�LQ�WKH�SUHYLRXV�VHFWLRQ�VKRZV�WKDW�RXU�JRDO� LV� WR�

DVVLJQ�WKH�N�DWRPV�WR�WKH�DWRPV�RI�RXU�SURSRVLWLRQDO�ODQJXDJH��7Q�ZLOO�EH�DVVLJQHG�WR�
WKH� FRQVWDQW�7� DQG� )Q�ZLOO� EH� DVVLJQHG� WR� WKH� FRQVWDQW� )��0RUHRYHU�� QRWLFH� WKDW� WKH�

PDWULFHV�7Q��)Q�DQG�$N�]���IRU�]» ����DOVR�EHORQJ�WR�VHW� ����¤Q��
7KH�IROORZLQJ�WZR�SURSRVLWLRQV�DUH�LPPHGLDWH��

3URSRVLWLRQ�����

)RU� DQ\� PDWUL[� $» �¤Q�� WKHUH� H[LVW� XQLTXH� ]M» �� M ����«�Q�� VXFK� WKDW��

Ñ
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Q

M

MM
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3URRI�
,PPHGLDWH�E\�VHOHFWLQJ�]M�WR�EH�WKH�HOHPHQWV�RI�WKH�PDWUL[�$��
8QLTXHQHVV�LV�GHULYHG�IURP�WKH�GHILQLWLRQ�RI�WKH�JHQHUDOL]HG�DWRPV��
�
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3URSRVLWLRQ�����

)RU� DQ\� P» 
� DQG� DQ\� PDWUL[� $» P¤Q�� WKHUH� H[LVW� XQLTXH� ]NM» �� N ����«�P��

M ����«�Q��VXFK�WKDW�� ����_���_����_����
��

�

�

� ÑÑÑ
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3URRI�
,PPHGLDWH�E\�VHOHFWLQJ�]NM�WR�EH�WKH�HOHPHQWV�RI�WKH�PDWUL[�$��
8QLTXHQHVV�LV�GHULYHG�IURP�WKH�GHILQLWLRQ�RI�WKH�JHQHUDOL]HG�DWRPV��

�
7KH� DERYH� IRUP� �SURSRVLWLRQ� ����� RI� D�PDWUL[�$�ZLOO� EH� FDOOHG� WKH� H[WHQGHG�

QRUPDO�IRUP�RI�$��DQG�GHQRWHG�E\�(1)�$���
�

'HILQLWLRQ�����

:H�GHILQH�WKH�WUXWK�FRQVWDQWV�) �» �DQG�7 �» ��
$Q\� RUGHUHG� Q�VL]HG� VHTXHQFH� RI� QXPEHUV� LQ� WKH� VHW� ^���` ^)�7`� LV� FDOOHG� DQ�

LQWHUSUHWDWLRQ� RI� VSDFH� 
¤Q�� 7KH� VHW� RI� DOO� LQWHUSUHWDWLRQV� RI� VSDFH� 
¤Q� ZLOO� EH�
GHQRWHG�E\�,�Q���
�

1RWLFH� WKDW� PDWUL[� LQWHUSUHWDWLRQV� FDQ� EH� GLUHFWO\� DVVLJQHG� WR� ORJLFDO�
LQWHUSUHWDWLRQV�DQG�YLFH�YHUVD��DV�WKH\�ERWK�DUH�RUGHUHG�ILQLWH�VHTXHQFHV�FRQVLVWLQJ�RI�
HOHPHQWV�IURP�WKH�VHW�^���`���

�
'HILQLWLRQ�����

/HW�, � �� ��«� Q�»,�Q��DQ�LQWHUSUHWDWLRQ�DQG�$» �¤Q�D�PDWUL[�VXFK�WKDW��

Ñ
=

Ã-+=
Q

M

MMM
LDD$$

�

����� ��7KH�PDWUL[�$�LV�FDOOHG�DQ� LQWHUSUHWDWLRQ�PDWUL[�RI�VSDFH�


¤Q���
�
1RWLFH�WKDW�WKHUH�LV�D�GLUHFW��±��DQG�RQWR�UHODWLRQVKLS�EHWZHHQ�LQWHUSUHWDWLRQV�

DQG�LQWHUSUHWDWLRQ�PDWULFHV��:H�ZLOO�XVH�WKH�WHUP�LQWHUSUHWDWLRQ�IRU�WKH�LQWHUSUHWDWLRQ�
PDWULFHV�ZKHQHYHU�WKHUH�LV�QR�ULVN�RI�FRQIXVLRQ��0RUHRYHU��WKH�QXPEHU�] M���± M�ÃL�
FDQ�EH�HLWKHU�] ���IRU� M ���RU�] L��IRU� M ����7KHUHIRUH��DQ�LQWHUSUHWDWLRQ�PDWUL[�LV�D�

PDWUL[�RI�WKH�VHW� �¤Q��ZKRVH�HOHPHQWV�DUH�IURP�WKH�VHW�^��L`��
�

'HILQLWLRQ�����

/HW�, � �� ��«� Q�»,�Q��DQ�LQWHUSUHWDWLRQ�DQG�$» �¤Q��:H�VD\�WKDW�$�LV�VDWLVILHG�E\�,�
LII�WKH�IROORZLQJ�FRQGLWLRQ�KROGV��

Ñ
=

+ Ã-Ã=»$
Q

M

MMMQ
]D$$&]]]

�

��

�� �@�����>������� ��ZKHUH�
M

] � LV� WKH�FRQMXJDWH�FRPSOH[�

RI�]M» �����

,Q� JHQHUDO�� LI�$» P¤Q� VXFK� WKDW�$ $���_$���_«_$�P���$�M�» �¤Q�� M ����«�P�� WKHQ�ZH�
VD\�WKDW�$�LV�VDWLVILHG�E\�,�LII�WKHUH�H[LVWV�M»^����«�P`�VXFK�WKDW�$�M��LV�VDWLVILHG�E\�,��
7KH�VHW�RI�LQWHUSUHWDWLRQV�WKDW�VDWLVILHV�$�ZLOO�EH�GHQRWHG�E\�PRG�$��DQG�FDOOHG�WKH�VHW�
RI�PRGHOV�RI�$��

�
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1RWLFH� WKDW� WKH� TXDQWLW\� ��Ã M±��� FDQ� RQO\� WDNH� WKH� YDOXHV�����7KHUHIRUH�� WKH�
TXDQWLW\�[M ��Ã M±��Ã M

] �KDV�WKH�SURSHUW\�WKDW�HLWKHU�5H�[M����DQG�,P�[M�����IRU� M ���

RU�5H�[M����DQG�,P�[M�����IRU� M ����7KLV�VXSSRUWV�RXU�SUHYLRXV�GHILQLWLRQ�RQ�SRVLWLYH�
DQG�QHJDWLYH�FRPSOH[�QXPEHUV��

�
'HILQLWLRQ�����

/HW�$» 
¤Q��
,I�PRG�$� ,�Q��WKHQ�$�LV�FDOOHG�D�WDXWRORJ\��
,I�PRG�$� ³�WKHQ�$�LV�FDOOHG�DQ�DQWLQRP\��

�
'HILQLWLRQ�����

/HW�$�%» 
¤Q��:H�ZLOO�FDOO�WKH�WZR�PDWULFHV�HTXLYDOHQW�LII�PRG�$� PRG�%���:H�ZLOO�
GHQRWH�WKLV�IDFW�E\�WKH�V\PERO�@��LH�$@%ÇPRG�$� PRG�%���
�

,W�FDQ�EH�SURYHQ�WKDW��
3URSRVLWLRQ�����
7KH�UHODWLRQ�@�LV�DQ�HTXLYDOHQFH�UHODWLRQ��
3URRI�

,W�LV�HDVLO\�YHULILHG�WKDW�"$�%�&» 
¤Q��
PRG�$� PRG�$�Ê$@$��
$@%ÊPRG�$� PRG�%�ÊPRG�%� PRG�$�Ê%@$��
�$@%�Å�%@&�Ê�PRG�$� PRG�%��Å�PRG�%� PRG�&��ÊPRG�$� PRG�&�Ê$@&��
�
3URSRVLWLRQ�����

/HW�$ >Z��Z��«�ZQ@» �¤Q��7KHQ�PRG�$� ,�¤,�¤«¤,Q��ZKHUH� IRU�DQ\� M»^����«�Q`�
,Mº^���`�DQG��

  �»,M�LII�ZM» ±�

  �»,M�LII�ZM» ��
3URRI�
:H�GHILQH�6 ,�¤,�¤«¤,Q��ZKHUH�,M�DV�DERYH��M ����«�Q��
:H�ZLOO�SURYH�WKDW�6 PRG�$���
)RU�DQ\�M»^����«�Q`��LW�IROORZV�WKDW��

  ,M ^�`�LII�ZM» ±? ���QHJDWLYH��EXW�QRW�SRVLWLYH��

  ,M ^�`�LII�ZM» �? ±��SRVLWLYH��EXW�QRW�QHJDWLYH��

  ,M ^���`�LII�ZM» ���ERWK�SRVLWLYH�DQG�QHJDWLYH��LH�]HUR��

  ,M ³�LII�ZM» ?� �µ ±� 
��QHLWKHU�SRVLWLYH�QRU�QHJDWLYH��LH�FRQWUDGLFWRU\��
/HW�, � �� ��«� Q�»,�Q��EH�DQ�LQWHUSUHWDWLRQ��
,I�,»PRG�$���WKHQ��E\�GHILQLWLRQ������

Ñ
=

+ Ã-Ã=»$
Q

M

MMMQ
]D$$&]]]

�

��

�� �@�����>������� ��

%\�GHILQLWLRQ������IRU�DQ\�M»^����«�Q`�ZH�KDYH�WKDW��
�������������� +++Ã-Ã+++=

MMM
]DZ ��

7KXV��
MMM

]DZ Ã-Ã= ���� ��IRU�DQ\�M»^����«�Q`������

$W�ILUVW��OHW�XV�VXSSRVH�WKDW��



� �������

6 ³Ç$�M»^����«�Q`��,M ³Ç$�M»^����«�Q`��ZM» 
������

7KHQ��LI�,»PRG�$���E\�����WRJHWKHU�ZLWK�WKH�IDFW�WKDW�]M» ����DQG���
M»^���`Ê��Ã M±��»^��±�`���
LW�IROORZV�WKDW�HLWKHU��
  5H�ZM�����,P�ZM���Ê5H�ZM�Ã,P�ZM�����RU��
  5H�ZM�����,P�ZM���Ê5H�ZM�Ã,P�ZM�����
6R��LQ�DQ\�FDVH��5H�ZM�Ã,P�ZM�����ZKLFK�LV�D�FRQWUDGLFWLRQ�EHFDXVH�ZM�LV�FRQWUDGLFWRU\�
E\�DVVXPSWLRQ��LH�5H�ZM�Ã,P�ZM�!���
7KLV� PHDQV� WKDW� LI� 6 ³�� WKHQ� WKHUH� LV� QR� ,»,�Q�� VXFK� WKDW� ,»PRG�$��� VR�
PRG�$� ³ 6��
/HW�XV�QRZ�VXSSRVH�WKDW�6¨³��DQG�,»6��
7KHQ� M»,M�IRU�DOO�M»^����«�Q`������

,I�IRU�DQ\�M»^����«�Q`�ZM» 
��WKHQ�E\�����ZH�KDYH�WKDW�6 ³��FRQWUDGLFWLRQ��

7KHUHIRUH��IRU�DOO�M»^����«�Q`��ZM» �µ ±��HLWKHU�SRVLWLYH�RU�QHJDWLYH��RU�ERWK���
1RZ��IRU�DQ\�M»^����«�Q`��ZH�GR�WKH�IROORZLQJ���

  ,I�ZM» �? ±� �SRVLWLYH�EXW�QRW�QHJDWLYH��� WKHQ�5H�ZM����� ,P�ZM����DQG�ZM¨���:H�
VHW� MM Z] = �� VR� ZH� KDYH� WKDW� 5H�]M����� ,P�]M����� LH� ]M» ����� ,Q� WKDW� FDVH�� E\�

GHILQLWLRQ�RI�WKH�,M��ZH�KDYH�WKDW�,M ^�`�DQG� M»,M ^�`�E\������VR� M ���

  6LPLODUO\�� LI�ZM» ±? �� �QHJDWLYH�EXW�QRW�SRVLWLYH��� WKHQ�5H�ZM����� ,P�ZM����DQG�
ZM¨���:H� VHW� MM Z] -= �� VR�ZH� KDYH� WKDW� 5H�]M����� ,P�]M����� LH� ]M» ����� ,Q� WKDW�

FDVH��E\�GHILQLWLRQ�RI�WKH�,M��ZH�KDYH�WKDW�,M ^�`�DQG�DM»,M ^�`�E\������VR� M ���

  )LQDOO\��LI�ZM» ���ERWK�SRVLWLYH�DQG�QHJDWLYH��LH�]HUR���WKHQ�LW�IROORZV�WKDW�ZM ���,Q�

WKDW�FDVH��ZH�VHW�]M �» �����0RUHRYHU��ZH�KDYH�WKDW�,M ^���`�DQG� M»,M ^���`��6R�
ZH�KDYH�HLWKHU� M ��RU� M ���

,Q�DQ\�RI�WKH�DERYH�WKUHH�FDVHV��IRU�WKH�]M» ����DQG� M»^���`�DV�GHILQHG�DERYH��LW�FDQ�
EH�HDVLO\�YHULILHG�WKDW�IRU�DQ\�M»^����«�Q`�ZH�KDYH� MMM ]DZ Ã-Ã= ���� ��

7KXV�� IRU� WKH� LQWHUSUHWDWLRQ� ,� DQG� WKH� ]M� DERYH�� ZH� KDYH� WKDW� WKH� FRQGLWLRQ� RI� WKH�
GHILQLWLRQ�RI�VDWLVILDELOLW\��UHSKUDVHG�LQ������KROGV��WKHUHIRUH�,»PRG�$�Ê6ºPRG�$���
&RQYHUVHO\�� LI� PRG�$� ³�� WKHQ� E\� WKH� DERYH� UHVXOW�� ZH� KDYH� WKDW��
6ºPRG�$� ³Ê6 ³ PRG�$���6R�WKH�HTXDWLRQ�6 PRG�$��KROGV��
,I�PRG�$�¨³��WKHQ�ZH�DVVXPH�WKDW�WKH�LQWHUSUHWDWLRQ�,»PRG�$���/HW�XV�VXSSRVH�WKDW�
,¼6��7KHQ�IRU�VRPH�M»^����«�Q`�ZH�KDYH�WKDW� M¼,M��)RU�WKDW�M�ZH�KDYH��

  ,I�ZM» ��WKHQ�E\�GHILQLWLRQ�,M ^���`��%HFDXVH�RI�WKH�IDFW�WKDW� M»^���`�LW�IROORZV�
WKDW� M»,M��FRQWUDGLFWLRQ��

  ,I� ZM» 
� WKHQ� E\� GHILQLWLRQ� ,M ³�� VR� 6 ³��:H� KDYH� SURYHQ� WKDW� LI� 6 ³� WKHQ�
PRG�$� ³��ZKLFK�LV�D�FRQWUDGLFWLRQ�E\�RXU�DVVXPSWLRQ�WKDW�PRG�$�¨³��

  ,I�ZM» �? ±�WKHQ�E\�GHILQLWLRQ�,M ^�`��VR�WRJHWKHU�ZLWK�WKH�IDFW�WKDW� M»^���`�DQG�

M¼,M�LW�IROORZV�WKDW� M ���%\�VXEVWLWXWLQJ� M ��LQ������LW�IROORZV�WKDW� MM ]Z -= ��%XW�

]M» ���Ê5H�]M����DQG�,P�]M���Ê5H�ZM����DQG�,P�ZM���ÊZM» ±��FRQWUDGLFWLRQ��

  6LPLODUO\�� LI�ZM» ±? ��� WKHQ� E\� GHILQLWLRQ� ,M ^�`�� VR� WRJHWKHU�ZLWK� WKH� IDFW� WKDW�
M»^���`�DQG� M¼,M�LW�IROORZV�WKDW� M ���%\�VXEVWLWXWLQJ� M ��LQ������LW�IROORZV�WKDW�
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MM ]Z = ��%XW�]M» ���Ê5H�]M����DQG�,P�]M���Ê5H�ZM����DQG�,P�ZM���ÊZM» ���

FRQWUDGLFWLRQ���
7KXV�� ZH� KDYH� UHDFKHG� D� FRQWUDGLFWLRQ� LQ� DOO� WKH� FDVHV�� 7KLV� PHDQV� WKDW�
,»6ÊPRG�$�º6��
7KLV�IDFW�WRJHWKHU�ZLWK�6ºPRG�$��JLYHV�WKDW�6 PRG�$���DQG�WKH�SURRI�LV�FRPSOHWH��

�
7KH� DERYH� SURSRVLWLRQ� KDV� VRPH� LPSRUWDQW� FRQVHTXHQFHV�� ZKRVH� SURRIV� DUH�

LPPHGLDWH��
&RUROODU\�����

/HW� $ >Z�� Z�� «� ZQ@» �¤Q�� 7KHQ� $� LV� DQ� DQWLQRP\� LII� $M»^����«�Q`� VXFK� WKDW�

ZM» 
��
�

7KH�IROORZLQJ�SURSRVLWLRQ�PD\�EH�PRUH�XVHIXO�IURP�WLPH�WR�WLPH��
&RUROODU\�����

/HW�$ >Z��Z��«�ZQ@» �¤Q��7KHQ�PRG�$� ,�¤,�¤«¤,Q��ZKHUH�IRU�DQ\�M»^����«�Q`��

  ,M ^�`�LII�ZM» ±? ��

  ,M ^�`�LII�ZM» �? ±�

  ,M ^���`�LII�ZM» ��

  ,M ³�LII�ZM» 
�
�

&RUROODU\�����

/HW�$ >Z��Z��«�ZQ@» �¤Q��,I�$�LV�QRW�DQ�DQWLQRP\��WKHQ�_PRG�$�_ �N�ZKHUH�N�LV�WKH�
QXPEHU�RI�]HUR�HOHPHQWV�LQ�WKH�PDWUL[��
�
&RUROODU\�����
7KH�IROORZLQJ�HTXDWLRQV�KROG��
  )RU� DQ\� N»^����«�Q`�� PRG�$N� ,�¤,�¤«¤,Q�� ZKHUH� ,M ^���`�� IRU�

M»^����«�Q`?^N`�DQG�,N ^�`��

  )RU� DQ\� N»^����«�Q`�� ]» �� PRG�$N�]�� ,�¤,�¤«¤,Q�� ZKHUH� ,M ^���`�� IRU�
M»^����«�Q`?^N`�DQG��

R� ,N ^�`�LII�]» ±? ��

R� ,N ^�`�LII�]» �? ±�

R� ,N ^���`�LII�]» ��

R� ,N ³�LII�]» 
�
  PRG�)Q� ³�
  PRG�7Q� ,�Q��
�
&RUROODU\�����

/HW�$ >Z��Z��«�ZQ@» �¤Q��$�LV�D�WDXWRORJ\�LII�DOO�ZM» ���
�

7KH�DERYH�FRUROODU\�DFWXDOO\�VD\V�WKDW�WKH�RQO\�WDXWRORJ\�LQ� �¤Q�LV�WKH�PDWUL[�

7Q» �¤Q��
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�
&RUROODU\�����

/HW�$» P¤Q��VXFK�WKDW���
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¤¤¤= ��ZKHUH�IRU�DQ\�M»^����«�P`��N»^����«�Q`��

  �»,MN�LII�ZMN» ±�

  �»,MN�LII�ZMN» ��
�

7KH�DERYH�FRUROODU\�JLYHV�XV�DQ� LPPHGLDWH��FRQVWUXFWLYH�PHWKRG� WR�FDOFXODWH�
PRG�$��IRU�DQ\�PDWUL[�$��7KH�SURSRVLWLRQ�EHORZ�SURYLGHV�DQRWKHU�XVHIXO�PHWKRG��
3URSRVLWLRQ�����

/HW�P» 
�DQG�$» P¤Q���
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= ��DQG�WKH�SURRI�LV�FRPSOHWH��

�
1RZ�WKDW�ZH�DUH�DEOH�WR�FDOFXODWH�WKH�PRGHOV�RI�DQ\�PDWUL[��LW�PD\�EH�XVHIXO�WR�

GHILQH�WKH�TXRWLHQW�VSDFH�RI� 
¤Q�ZLWK�UHVSHFW�WR�WKH�HTXLYDOHQFH�UHODWLRQ�@��
'HILQLWLRQ�����

:H�GHILQH�WKH�VSDFH� 
¤Q�@© 
¤Q�@��WKH�TXRWLHQW�VSDFH�RI�PDWULFHV�ZLWK�UHVSHFW�WR�WKH�

UHODWLRQ�@��6LPLODUO\��ZH�GHILQH� N¤Q�@�� ���
¤Q�@�DQG� ���N¤Q�@�IRU�DQ\�N» 
��
�
$OO�WKH�DERYH�VSDFHV�DUH�ILQLWH��RI�VL]H��Q��DQG�WKH\�DUH�DOO�LVRPRUSKLF�WR�HDFK�

RWKHU��EHFDXVH�WKH\�DUH�DOO�LVRPRUSKLF�ZLWK�WKH�VSDFH�3�^���`Q�©3�,�Q����LH�WKH�SRZHU�
VHW�RI�LQWHUSUHWDWLRQV�RI�Q�DWRPV���

2XU� QH[W� VWHS�ZLOO� EH� WR� GHILQH� RSHUDWLRQV� RQ�PDWULFHV� WKDW�ZLOO� HPXODWH� WKH�
XVXDO� RSHUDWLRQV� RI� GLVMXQFWLRQ�� FRQMXQFWLRQ� DQG� QHJDWLRQ� LQ� FODVVLFDO� SURSRVLWLRQDO�
ORJLF��
'HILQLWLRQ������

:H�GHILQH�WKUHH�FODVVHV�RI�IXQFWLRQV�LQ� 
¤Q��GHQRWHG�E\� Æ�� Å�DQG� Ä��FDOOHG�WKH�
FODVV� RI� GLVMXQFWLRQ� IXQFWLRQV�� WKH� FODVV� RI� FRQMXQFWLRQ� IXQFWLRQV� DQG� WKH� FODVV� RI�
QHJDWLRQ�IXQFWLRQV�UHVSHFWLYHO\���

  $� IXQFWLRQ� IÆ�

¤Q¤ 
¤Q� 
¤Q� LV� VDLG� WR� EHORQJ� LQ� WKH� FODVV� Æ� LII� IRU� DQ\�

$�%» 
¤Q��PRG�IÆ�$�%�� PRG�$�µPRG�%���
:H�ZLOO�DOVR�XVH�WKH�QRWDWLRQ�$Æ%�IRU�WKH�UHVXOW�RI�IÆ�$�%���

  $� IXQFWLRQ� IÅ�

¤Q¤ 
¤Q� 
¤Q� LV� VDLG� WR� EHORQJ� LQ� WKH� FODVV� Å� LII� IRU� DQ\�

$�%» 
¤Q��PRG�IÅ�$�%�� PRG�$�´PRG�%���
:H�ZLOO�DOVR�XVH�WKH�QRWDWLRQ�$Å%�IRU�WKH�UHVXOW�RI�IÅ�$�%���

  $� IXQFWLRQ� IÄ�

¤Q� 
¤Q� LV� VDLG� WR� EHORQJ� LQ� WKH� FODVV� Ä� LII� IRU� DQ\�$» 
¤Q��

PRG�IÄ�$�� ,�Q�?PRG�$���
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:H�ZLOO�DOVR�XVH�WKH�QRWDWLRQ�Ä$�IRU�WKH�UHVXOW�RI�IÄ�$���
�
'HILQLWLRQ������

7KH�VSDFH� 
¤Q�� HTXLSSHG�ZLWK� WKUHH� IXQFWLRQV�GHQRWHG�E\�Æ��Å��Ä�EHORQJLQJ� WR� WKH�

FODVVHV� Æ�� Å� DQG� Ä� UHVSHFWLYHO\� �Æ» Æ�� Å» Å��Ä» Ä��� LV� FDOOHG� D� ORJLFDOO\�
FRPSOHWH� PDWUL[� VSDFH� RI� GLPHQVLRQ� Q�� :H� ZLOO� GHQRWH� VXFK� VSDFHV� ZLWK� WKH�

TXDGUXSOH��� 
¤Q�Æ�Å�Ä���
�
1RWLFH� WKDW� ZH� GR� QRW� VHW� DQ\� UHVWULFWLRQV� RQ� WKH� VHOHFWLRQ� RI� WKH� WKUHH�

RSHUDWLRQV��DV�ORQJ�DV�WKH\�VDWLVI\�WKH�FRQGLWLRQV�RI�WKH�GHILQLWLRQ�RI�WKH�WKUHH�FODVVHV�
RI�IXQFWLRQV��2EYLRXVO\��WKHUH�LV�PRUH�WKDQ�RQH�SRVVLEOH�VHOHFWLRQ�IRU�WKHVH�RSHUDWRUV��
'LIIHUHQW� VHOHFWLRQV� IRU� WKH� RSHUDWRUV�Æ��Å��Ä� UHVXOW� LQ� GLIIHUHQW� ORJLFDOO\� FRPSOHWH�
VSDFHV�� +RZHYHU�� WKH� VHOHFWLRQ� LV� LUUHOHYDQW� ZKHQ� LW� FRPHV� WR� TXRWLHQW� VSDFHV��
0RUHRYHU�� LQ� WKLV�ZRUN��ZH�DVVXPH� WKDW� WKH�GHILQLWLRQ�RI�DGGLWLRQDO�RSHUDWRUV� LV�QRW�
QHHGHG��7KHUHIRUH��RSHUDWRUV�VXFK�DV�WKH�LPSOLFDWLRQ������ZLOO�QRW�EH�GHILQHG�EHWZHHQ�
PDWULFHV��

7KH�DERYH�GHILQLWLRQV�DQG�SURSRVLWLRQV�DUH�HQRXJK�WR�VXSSRUW�WKH�GHILQLWLRQ�RI�
WKH�WDEOH�WUDQVIRUPDWLRQ�IXQFWLRQ��
'HILQLWLRQ������

/HW� � 
¤Q�Æ�Å�Ä�� EH� D� ORJLFDOO\� FRPSOHWH� PDWUL[� VSDFH� RI� GLPHQVLRQ� Q� DQG�
/ ^7�)�����Æ�Å�Ä� �� ��«� Q`�D�ILQLWH�SURSRVLWLRQDO�ODQJXDJH��$V�XVXDO��ZH�GHQRWH�E\�

M�WKH�DWRPV�RI�WKH�SURSRVLWLRQDO�ODQJXDJH�DQG�E\�$M�WKH�DWRPV�RI�

¤Q��

:H�GHILQH�WKH�WDEOH�WUDQVIRUPDWLRQ�IXQFWLRQ��77�/
� 
¤Q��UHFXUVLYHO\�DV�IROORZV��
  77�7� 7Q�
  77�)� )Q�
  )RU�DQ\�M»^����«�Q`��77� M� $M�
  77�SÆT� 77�S�Æ77�T���IRU�DQ\�S�T»/
�
  77�SÅT� 77�S�Å77�T���IRU�DQ\�S�T»/
�
  77�ÄS� Ä77�S���IRU�DQ\�S»/
�

6LPLODUO\�� ZH� GHILQH� WKH� LQYHUVH� WDEOH� WUDQVIRUPDWLRQ� IXQFWLRQ�� 77,� 
¤Q�/
��
UHFXUVLYHO\��DV�IROORZV��

  )RU�DQ\�M»^����«�Q`��]» ��ZH�GHILQH��

R� 77,�$M�]�� M��LII�]» �? ±�

R� 77,�$M�]�� Ä M��LII�]» ±? ��

R� 77,�$M�]�� 7��LII�]» ��

R� 77,�$M�]�� )��LII�]» 
�

  ,Q� JHQHUDO�� IRU� DQ\� P» 
� DQG� DQ\� PDWUL[� $» P¤Q�� ZKRVH� (1)� LV�
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7KH�WUDQVIRUPDWLRQV�DERYH�KDYH�D�YHU\�LPSRUWDQW�SURSHUW\��
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3URSRVLWLRQ�����

/HW� � 
¤Q�Æ�Å�Ä�� EH� D� ORJLFDOO\� FRPSOHWH� PDWUL[� VSDFH� RI� GLPHQVLRQ� Q� DQG�
/ ^7�)�����Æ�Å�Ä� �� ��«� Q`�D�ILQLWH�SURSRVLWLRQDO�ODQJXDJH��7KHQ��
  )RU�DQ\�SURSRVLWLRQ�S»/
�ZH�KDYH��PRG�S� PRG�77�S����

  )RU�DQ\�PDWUL[�3» 
¤Q�ZH�KDYH��PRG�3� PRG�77,�3����
3URRI�
/HW�S»/
���
  ,I�S 7�WKHQ�PRG�S� ,�Q��DQG�PRG�77�S�� PRG�7Q� ,�Q� PRG�S���
  ,I�S )�WKHQ�PRG�S� ³�DQG�PRG�77�S�� PRG�)Q� ³ PRG�S���
  ,I� S M� IRU� VRPH� M»^����«�Q`�� WKHQ� PRG�S� ^, �L��L��«�LQ�»,�Q��� LN»^���`� IRU�

N»^����«�Q`?^M`� DQG� LM �` ,�¤,�¤«¤,Q�� ZKHUH� ,N ^���`� IRU� N»^����«�Q`?^M`�
DQG�,M ^�`��%\�FRUROODU\������PRG�77�S�� PRG�$M� -�¤-�¤«¤-Q��ZKHUH�-N ^���`�
N»^����«�Q`?^M`��-M ^�`��7KXV��,M -M��IRU�DOO�M»^����«�Q`ÊPRG�S� PRG�77�S����

  ,Q�JHQHUDO�� LI�S»/
�� WKHQ� LW� LV�NQRZQ� WKDW�S� LV�H[SUHVVHG�DV� D� ILQLWH� VHTXHQFH�RI�
DWRPV�DQG�FRQVWDQWV��VHSDUDWHG�E\�RSHUDWRUV��Æ�Å�Ä���
)RU� DQ\� T�U»/
�� ZH� KDYH� WKDW� PRG�TÆU� PRG�T�µPRG�U�� DQG�
PRG�77�TÆU�� PRG�77�T�Æ77�U�� PRG�77�T��µPRG�77�U����
6LPLODUO\�� IRU� DQ\� T�U»/
�� ZH� KDYH� WKDW� PRG�TÅU� PRG�T�´PRG�U�� DQG�
PRG�77�TÅU�� PRG�77�T�Å77�U�� PRG�77�T��´PRG�77�U����
0RUHRYHU�� IRU� DQ\� T»/
�� ZH� KDYH� WKDW� PRG�ÄT� ,�Q�?PRG�T�� DQG�
PRG�77�ÄT�� PRG�Ä77�T�� ,�Q�?PRG�77�T����
7KH� LQLWLDO�SURSRVLWLRQ�S�FDQ�EH�EURNHQ�GRZQ�LQWR�VLPSOHU�SURSRVLWLRQV�ZLWKLQ�D�
ILQLWH�QXPEHU�RI�VWHSV��DQG�PRG�S��FDQ�EH�H[SUHVVHG�XVLQJ�PRG� M���M»^����«�Q`��
,�Q���³�DQG� WKH�RSHUDWLRQV�RI�XQLRQ��µ��� MRLQ� �´��DQG�VXEWUDFWLRQ��?���0RUHRYHU��
ZH� DOUHDG\� SURYH� WKDW� PRG� M� PRG�77� M��� IRU� DQ\� M»^����«�Q`��
PRG�7� PRG�77�7��� DQG� PRG�)� PRG�77�)���� 7KLV� UHFXUVLYHO\� SURYHV� WKDW�
PRG�S� PRG�77�S�����

1RZ��OHW�3» 
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/HW�M»^����«�Q`��]» ��7KHQ��

  ,I� ]» �? ±�� 77,�$M�]�� MÊPRG�77,�$M�]��� PRG� M� ^, �L��L��«�LQ�»,�Q���
LN»^���`�� N»^����«�Q`�^M`� DQG� LM �` ,�¤,�¤«¤,Q�� ZKHUH� ,N ^���`�� IRU�
N»^����«�Q`?^M`� DQG� ,M ^�`�� %\� FRUROODU\� ����� ZH� KDYH� WKDW�
PRG�$M�]�� -�¤-�¤«¤-Q��ZKHUH�-N ^���`�� IRU�N»^����«�Q`?^M`�DQG�-M ^�`�� VLQFH�

]» �? ±��7KXV�,M -M�IRU�DOO�M»^����«�Q`ÊPRG�77,�$M�]��� PRG�$M�]����

  ,I� ]» ±? ��� 77,�$M�]�� Ä MÊPRG�77,�$M�]��� PRG�Ä M� ^, �L��L��«�LQ�»,�Q���
LN»^���`�� N»^����«�Q`�^M`� DQG� LM �` ,�¤,�¤«¤,Q�� ZKHUH� ,N ^���`�� IRU�
N»^����«�Q`?^M`� DQG� ,M ^�`�� %\� FRUROODU\� ����� ZH� KDYH� WKDW�
PRG�$M�]�� -�¤-�¤«¤-Q��ZKHUH�-N ^���`�� IRU�N»^����«�Q`?^M`�DQG�-M ^�`�� VLQFH�

]» ±? ���7KXV�,M -M�IRU�DOO�M»^����«�Q`ÊPRG�77,�$M�]��� PRG�$M�]����

  ,I� ]» ��� 77,�$M�]�� 7ÊPRG�77,�$M�]��� PRG�7� ,�Q��� 0RUHRYHU��
$M�]� $M��� 7Q��VR�PRG�$M�]�� PRG�7Q� ,�Q� PRG�77,�$M�]�����
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  )LQDOO\�� LI� ]» 
�� 77,�$M�]�� )ÊPRG�77,�$M�]��� PRG�)� ³�� 0RUHRYHU�� $M�]��
ZLOO�KDYH�DW�OHDVW�RQH�HOHPHQW�ZKLFK�LV�FRQWUDGLFWRU\��WKH�RQH�LQ�WKH�M�WK�FROXPQ��

ZKRVH�YDOXH�LV�]» 
��7KXV�PRG�$M�]�� ³ PRG�77,�$M�]�����

7KXV��IRU�DOO�]» �DQG�DOO�M»^����«�Q`�ZH�KDYH�WKDW�PRG�77,�$M�]��� PRG�$M�]�����
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�PRG����PRG����PRG�
� �

3]$377,
P

N

Q

M

NMM ==
= =

UI ��DQG�WKH�SURRI�LV�FRPSOHWH��

�
7KH�DERYH�SURSRVLWLRQ�VKRZV� WKDW� WKH� WUDQVIRUPDWLRQ�RI�D�PDWUL[� WR�D� ORJLFDO�

H[SUHVVLRQ�DQG�YLFH�YHUVD��GRHV�QRW�FDXVH�DQ\�ORVV�RI�LQIRUPDWLRQ��7KLV�LV�WUXH�EHFDXVH�
DQ\� LQWHUSUHWDWLRQ� WKDW� VDWLVILHV� D� JLYHQ� PDWUL[� VDWLVILHV� LWV� UHVSHFWLYH� ORJLFDO�
H[SUHVVLRQ��YLD�WKH�77,�IXQFWLRQ��DQG�DQ\�LQWHUSUHWDWLRQ�WKDW�VDWLVILHV�D�JLYHQ�ORJLFDO�
H[SUHVVLRQ�VDWLVILHV�LWV�UHVSHFWLYH�PDWUL[��YLD�WKH�77�IXQFWLRQ���

0RUHRYHU��QRWLFH� WKDW� WKH�DERYH�SURSRVLWLRQ�KROGV� UHJDUGOHVV�RI� WKH�VHOHFWLRQ�

RI�WKH�RSHUDWLRQV�Æ��Å��Ä��6LPLODU�UHVXOWV��DSSOLHG�WR�PDWULFHV�RI�WKH�VSDFH� ���
¤Q�FDQ�

EH�IRXQG�LQ�>�@�DQG�D�PRUH�IRUPDO�IRXQGDWLRQ�RI�WKH�SURSHUWLHV�RI�WKH�VSDFH� ���
¤Q�FDQ�
EH�IRXQG�LQ�VHFWLRQ�����³3RVLWLYH�DQG�1HJDWLYH�.QRZOHGJH´��RI�WKLV�UHSRUW��

��� %HOLHI�5HYLVLRQ�
2XU� LQLWLDO� JRDO� RQ� GHILQLQJ� WKH� WDEOH� WUDQVIRUPDWLRQ� ZDV� WR� XVH� WKLV�

WUDQVIRUPDWLRQ�LQ�EHOLHI�UHYLVLRQ��,Q�RUGHU�WR�VROYH�WKLV�SUREOHP��ZH�ZLOO�DVVXPH�WKDW�
ERWK�WKH�NQRZOHGJH�DQG�WKH�XSGDWH�DUH�UHSUHVHQWHG�E\�PDWULFHV��7KLV�ZD\�ZH�VNLS�IRU�
WKH�PRPHQW�WKH�QHHG�IRU�XVLQJ�WKH�77�IXQFWLRQ��ZKLFK�GHSHQGV�RQ�WKH�GHILQLWLRQ�RI�WKH�
RSHUDWRUV�Å��Æ��Ä��0RUHRYHU��WKH�XVH�RI�PDWULFHV�JLYHV�XV�IOH[LELOLW\�RQ�WKH�5)�RI�HDFK�
DWRP��%\�XVLQJ�WKH�77�IXQFWLRQ��ZH�DUH�REOLJHG�WR�XVH�IL[HG�5)V�IRU�DOO�DWRPV��ZKLFK�
LV�D�VHULRXV�FRQVWUDLQW��

)RU� WKH�PRPHQW�� ZH� ZLOO� DGGLWLRQDOO\� DVVXPH� WKDW� ERWK� WKH� EDVH� .� DQG� WKH�
XSGDWH�0�KDYH�RQO\�RQH�OLQH��VR�WKH\�ERWK�UHSUHVHQW�RQO\�RQH�SRVVLEOH�ZRUOG��,Q�WKLV�
VSHFLDO�FDVH�� WKH�XSGDWH�ZLOO�EH�GHILQHG�DV�WKH�DGGLWLRQ�RI� WKH�WZR�PDWULFHV��EHFDXVH�
WKH� LQFOXVLRQ� RI� WKH� XSGDWH� 0� LQ� RXU� NQRZOHGJH� LQFUHDVHV� RXU� WUXVW� LQ� DOO� WKH�
LQIRUPDWLRQ�WKDW�0�FDUULHV��HIIHFWLYHO\�LQFUHDVLQJ�RXU�UHOLDQFH�LQ�HDFK�DWRP�DQG�RU�LWV�
QHJDWLRQ��7KLV�DGMXVWPHQW�PD\�RU�PD\�QRW�EH�HQRXJK�WR�IRUFH�XV�WR�FKDQJH�RXU�EHOLHIV��
/HW�XV�VHH�RQH�H[DPSOH���

[ ] [ ]������ == 0L. �
8VLQJ� WKH� 77,� IXQFWLRQ�ZH� FDQ� HDVLO\� YHULI\� WKDW� WKH�PDWULFHV� UHSUHVHQW� WKH�

H[SUHVVLRQV� . Ä$Å%Å7@Ä$Å%� �EDVH�� DQG� 0 $Å%Å&� �XSGDWH��� 7KH� PDWULFHV�
DGGLWLRQDOO\� VKRZ� WKH� UHOLDELOLW\� SHU� DWRP� LQ� HDFK� SURSRVLWLRQ�� ,Q� WKLV� FDVH�� WKH�
QHJDWLRQ�RI�DWRP�$��Ä$��LV�EHOLHYHG�ZLWK�DQ�5)�RI���LQ�.��EXW�0�VKRXOG�IRUFH�XV�WR�
DEDQGRQ�WKLV�EHOLHI�DV�DWRP�$�LV�EHOLHYHG�ZLWK�DQ�5)�RI���LQ�0��,Q�DWRP�%��WKHUH�LV�QR�
FRQWUDGLFWLRQ�EHWZHHQ�.�DQG�0��KRZHYHU�WKLV�UHYLVLRQ�VKRXOG�LQFUHDVH�RXU�FRQILGHQFH�
LQ�WKH�WUXWK�RI�%��)LQDOO\��LQ�DWRP�&��ZH�NQRZ�QRZ�WKDW�&�LV�WUXH��ZLWK�D�UHOLDQFH�RI����
ZH�KDG�QR�NQRZOHGJH�UHJDUGLQJ�&�EHIRUH��7KH�UHVXOWLQJ�PDWUL[�LV�.¦�EHORZ�ZKHUH�WKH�
V\PERO�³ ´�VWDQGV�IRU�WKH�RSHUDWLRQ�RI�XSGDWH��

[ ] [ ] [ ]�������� LL0.. +=+= =¦ �
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7KH� SURSRVLWLRQ� UHODWHG� �YLD� WKH� 77,� IXQFWLRQ�� WR� WKH� UHVXOWLQJ� PDWUL[� LV��
)Å%Å&@)��1RWH�WKDW�WKH�UHVXOWLQJ�PDWUL[�.¦�LV�D�FRQWUDGLFWRU\�PDWUL[��DQG�WKH�UHODWHG�
SURSRVLWLRQ�LV�D�FRQWUDGLFWLRQ�WRR���7KLV�LV�QRW�JHQHUDOO\�DFFHSWDEOH��DV�D�FRQWUDGLFWRU\�
.%�DFWXDOO\�FRQWDLQV�QR�LQIRUPDWLRQ��7KH�UHVXOW�VKRXOG�KDYH�EHHQ�$Å%Å&��DV�VKRZHG�
E\�WKH�SUHYLRXV�DQDO\VLV��:H�ZLOO�GHDO�ZLWK�WKLV�SUREOHP�ODWHU��ZKLFK�LV�LQ�IDFW�QRW�D�
SUREOHP�DW�DOO����

,Q�WKH�JHQHUDO�FDVH�ZKHUH�RQH��RU�ERWK��RI�WKH�PDWULFHV�FRQWDLQ�PRUH�WKDQ�RQH�
OLQH��HDFK�OLQH�UHSUHVHQWV�RQH�SRVVLEOH�ZRUOG��,Q�RUGHU�WR�EH�VXUH�WKDW�WKH�FRUUHFW�ZRUOG�
ZLOO�EH�UHSUHVHQWHG�E\�D�OLQH�LQ�WKH�UHVXOWLQJ�PDWUL[��ZH�PXVW�DGG�HDFK�OLQH�RI�PDWUL[�
.�ZLWK�HDFK�OLQH�RI�PDWUL[�0��FUHDWLQJ�RQH�OLQH�SHU�SDLU�LQ�WKH�UHVXOWLQJ�PDWUL[�.¦���

)RUPDOO\��ZH�GHILQH�WKH�RSHUDWLRQ�RI�UHYLVLRQ�DV�IROORZV��
'HILQLWLRQ�����

/HW� $�%» 
¤Q�� ZKHUH� $ $���_$���_«_$�N��� % %���_%���_«_%�P��� IRU� VRPH� N�P» 
��

$�M�» �¤Q�� M»^����«�N`� DQG� %�M�» �¤Q�� M»^����«�P`�� :H� GHILQH� WKH� RSHUDWLRQ� RI�
UHYLVLRQ��GHQRWHG�E\� ��EHWZHHQ�WKRVH�WZR�PDWULFHV�DV�IROORZV��
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,W�LV�HDV\�WR�YHULI\�WKDW�WKLV�GHILQLWLRQ�FRQFXUV�ZLWK�WKH�DERYH�LQIRUPDO�GHVFULSWLRQ�RI�
WKH�UHYLVLRQ�RSHUDWRU��

��� 4XHULHV�DQG�&RQWUDGLFWRU\�/LQHV�
,Q�JHQHUDO��WKH�UHVXOWLQJ�PDWUL[�RI�D�UHYLVLRQ�PD\�FRQWDLQ�FRQWUDGLFWRU\�OLQHV��

OLNH� LQ� WKH� SUHYLRXV� H[DPSOH�� 2QH� PD\� DUJXH� WKDW� FRQWUDGLFWRU\� OLQHV� UHSUHVHQW�
FRQWUDGLFWRU\� SRVVLEOH� ZRUOGV�� VR� WKH\� FRQWDLQ� IDOVH� LQIRUPDWLRQ� DQG� WKH\� FRXOG� DV�
ZHOO�EH�GHOHWHG��+RZHYHU��WKLV�LV�QRW�HQWLUHO\�WUXH��$�VLQJOH�IDXOW\�UHYLVLRQ�PD\�FUHDWH�
D� FRQWUDGLFWLRQ� LQ� DQ�RWKHUZLVH� FRUUHFW� SRVVLEOH�ZRUOG� �OLQH��� VR�ZH�PXVW�EH� FDUHIXO�
EHIRUH�GLVFDUGLQJ�D� FRQWUDGLFWRU\� OLQH�DV�QRQ�WUXH��2Q� WKH�RWKHU�KDQG��HYHQ� LI� D� OLQH�
�SRVVLEOH�ZRUOG��FRQWDLQV�QR�FRQWUDGLFWLRQV�DW�DOO��WKLV�LV�E\�QR�PHDQV�D�JXDUDQWHH�WKDW�
LW� LV�HQWLUHO\�WUXH�� ,W�FRXOG�EH�WRR�IDU�IURP�WKH�UHDO�ZRUOG��ZH�MXVW�GRQ¶W�NQRZ�LW�\HW��
7KHUHIRUH�� RXU� SROLF\� LV� WR� NHHS� WKH� PDWUL[� DV�LV�� HYHQ� LI� VRPH� �RU� DOO�� OLQHV� DUH�
FRQWUDGLFWRU\��

,Q� RUGHU� WR� H[HFXWH� TXHULHV� XSRQ� WKH� .%� ZH� PXVW� WUDQVIRUP� WKH� PDWUL[�
UHSUHVHQWLQJ�WKH�NQRZOHGJH�LQWR�D�ORJLFDO�H[SUHVVLRQ��:H�FDQQRW�XVH�WKH�77,�IXQFWLRQ�
GLUHFWO\��DV�WKLV�FRXOG�LQ�VRPH�FDVHV�UHVXOW�WR�DQ�XQVDWLVILDEOH�SURSRVLWLRQ��OLNH�LQ�WKH�
H[DPSOH� DERYH�� ZKHUH� WKH� PDWUL[� FRQVLVWV� RI� FRQWUDGLFWRU\� OLQHV�� ,Q� IDFW�� WKH� 77,�
IXQFWLRQ�LJQRUHV�WKH�FRQWUDGLFWRU\�OLQHV��WKH\�DUH�HTXLYDOHQW�WR�WKH�FRQVWDQW�)���ZKLFK�
LV� ZURQJ� DFFRUGLQJ� WR� WKH� DERYH� GLVFXVVLRQ�� 7KH� VROXWLRQ� WR� WKH� SUREOHP� RI�
FRQWUDGLFWRU\� OLQHV� LV� WR� WUDQVIRUP� �VRPH�RI�� WKHP� WR� QRQ�FRQWUDGLFWRU\� RQHV� EHIRUH�
DSSO\LQJ�WKH�77,�IXQFWLRQ��:KHQHYHU�D�TXHU\�LV�H[HFXWHG�RQ�WKH�.%��RXU�DQVZHU�PXVW�
EH�EDVHG�RQ�WKH�³PRVW�FRUUHFW´�OLQHV��LJQRULQJ�WKH�UHVW��7KH�FULWHULRQ�IRU�FRUUHFWQHVV�RI�
D� OLQH� LV� D� TXDQWLW\� QDPHG� /LQH� 5HOLDELOLW\� �5/��� :H� DOVR� GHILQH� WKH� (OHPHQW�
5HOLDELOLW\� �5(��� 7KH� UHOLDELOLW\� RI� DQ� HOHPHQW� VKRXOG� GHSHQG� RQO\� RQ� WKH� HOHPHQW�
LWVHOI�DQG�WKH�UHOLDELOLW\�RI�D�OLQH�VKRXOG�GHSHQG�RQ�WKH�UHOLDELOLW\�RI�LWV�HOHPHQWV���

7KH�QXPEHU�RI� OLQHV�WR�EH�VHOHFWHG�DV�PRVW�FRUUHFW�IRU� WKH�TXHU\�VKRXOG�EH�D�
XVHU�GHILQHG�SDUDPHWHU�GHSHQGLQJ�RQ�WKH�DSSOLFDWLRQ��)RU�H[DPSOH��ZH�FRXOG�WDNH�WKH�
N�PRVW�UHOLDEOH�RQHV��RU�DOO�OLQHV�ZLWK�UHOLDELOLW\�PRUH�WKDQ�D�JLYHQ�QXPEHU��RU�XVH�DQ\�
RWKHU�PHWKRG�WKDW�WKH�XVHU�PD\�ILQG�VXLWDEOH��7KH�IXQFWLRQ�WKDW�VHOHFWV�VRPH��RU�DOO��RI�
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WKH�OLQHV�RI�D�PDWUL[�ZLOO�EH�GHQRWHG�E\�/6�DQG�WKH�WHUP�/LQH�6HOHFWLRQ�)XQFWLRQ�ZLOO�
EH�XVHG��7KH�UHVXOW�LV�D�VXEPDWUL[�RI�WKH�RULJLQDO�.%��

6XEVHTXHQWO\�� ZH� GHILQH� WKH�1RUPDOL]HG�0DWUL[� RI� D� JLYHQ�PDWUL[� $�� (DFK�
HOHPHQW� [�\L� RI� WKH� PDWUL[� $� LV� FKDQJHG� LQWR� WKH� HOHPHQW� [±\�� 8QGHU� WKLV�
WUDQVIRUPDWLRQ�� ZKHQ� [�\� WKH� UHVXOW� ZLOO� EH� D� QHJDWLYH� UHDO� QXPEHU�� LH� D� FRPSOH[�

QXPEHU�EHORQJLQJ�WR�WKH�VHW� ±��ZKHQ�[!\�WKH�UHVXOW�ZLOO�EH�D�SRVLWLYH�UHDO�QXPEHU��LH�

D�FRPSOH[�QXPEHU�EHORQJLQJ� WR� WKH� VHW� ��� LI�[ \� WKH� UHVXOW�ZLOO�EH�QXPEHU���� LH�D�

QXPEHU� EHORQJLQJ� WR� WKH� VHW� ��� 7KH� IXQFWLRQ� WKDW� SHUIRUPV� WKLV� RSHUDWLRQ� RQ� WKH�
PDWUL[�ZLOO�EH�FDOOHG�0DWUL[�1RUPDOL]DWLRQ�)XQFWLRQ�DQG�GHQRWHG�E\�01��,Q�IDFW��01�
LV�DSSOLHG�RQO\�RQ�WKH�SDUW�RI�WKH�PDWUL[�WKDW�ZDV�VHOHFWHG�E\�WKH�/6�IXQFWLRQ��

)ROORZLQJ� WKDW�� WKH� LQYHUVH� RI� WKH� WDEOH� WUDQVIRUPDWLRQ� �77,�� LV� XVHG� WR�
WUDQVIRUP�WKH�QRUPDOL]HG�PDWUL[� WKDW� UHVXOWHG�IURP�WKH�DERYH�IXQFWLRQ� LQWR�D� ORJLFDO�
H[SUHVVLRQ��7KH�UHVXOW�LV�WKH�UHODWHG�ORJLFDO�H[SUHVVLRQ�RI�WKH�PDWUL[�DQG�UHSUHVHQWV�WKH�
EDVH�XSRQ�ZKLFK�WKH�TXHU\�LV�H[HFXWHG��7KH�ZKROH�SURFHVV��IXQFWLRQ��RI�WUDQVIRUPLQJ�
D� PDWUL[� WR� D� SURSRVLWLRQ� IRU� WKH� QHHGV� RI� TXHULHV� ZLOO� EH� GHQRWHG� E\� 47� �4XHU\�
7UDQVIRUPDWLRQ��� ,W� LV� FOHDU� E\� WKH� DERYH� DQDO\VLV� WKDW� 47� LV� LQ� IDFW� D� FRPSRVLWH�
IXQFWLRQ�� 1RWLFH� WKDW� WKH� DERYH� RSHUDWLRQ� GRHV� QRW� DFWXDOO\� FKDQJH� WKH� PDWUL[�� LW�
WHPSRUDULO\� WUDQVIRUPV� LW� WR� D� ORJLFDO� H[SUHVVLRQ� IRU� WKH� QHHGV� RI� TXHULHV�� 7KH� QH[W�
XSGDWH� ZLOO� EH� H[HFXWHG� XSRQ� WKH� RULJLQDO� PDWUL[� DQG� WKH� ZKROH� SURFHVV� RI� TXHU\�
WUDQVIRUPDWLRQ�VKRXOG�EH�UHSHDWHG�DIWHU�WKH�XSGDWH�WR�FDOFXODWH�WKH�QHZ�SURSRVLWLRQ��

��� )RUPDOL]LQJ�WKH�4XHU\�7UDQVIRUPDWLRQ�
,Q�WKH�SUHYLRXV�VHFWLRQ��ZH�GHVFULEHG�WKH�LQIRUPDO�SURFHVV�WKDW�LV�IROORZHG�LQ�

RUGHU� WR�H[WUDFW� WKH� LQIRUPDWLRQ�FRQWDLQHG� LQ� WKH�PDWUL[� UHSUHVHQWLQJ� WKH�.%�� ,Q� WKLV�
VHFWLRQ�� ZH� ZLOO� DWWHPSW� WR� IRUPDOL]H� WKH� TXHU\� WUDQVIRUPDWLRQ�� ,W� LV� FOHDU� WKDW� WKH�
SURFHVV�RI�H[WUDFWLQJ�D�SURSRVLWLRQ�IURP�D�PDWUL[�LV�FRPSRVHG�RI�VHYHUDO�VWHSV��6RPH�
RI� WKHP� DUH� EDVHG� RQ� NQRZQ� DQG� FOHDUO\� GHILQHG� WUDQVIRUPDWLRQV� �OLNH� WKH� 77,�
IXQFWLRQ���ZKHUHDV�RWKHUV�DUH�QRW�FOHDUO\�VHW��5(��5/��/6�IXQFWLRQV���7KLV�LV�GRQH�RQ�
SXUSRVH�� LQ� RUGHU� WR� DOORZ� WKH� SDUDPHWHUL]DWLRQ� RI� WKH� SURFHVV� RI� TXHU\� DQVZHULQJ��
+RZHYHU��WKHVH�SDUDPHWHUV�VKRXOG�QRW�EH�VHW�LQ�DQ�DUELWUDU\�VHQVH��LQVWHDG��WKH\�PXVW�
VDWLVI\�VRPH�UDWLRQDOLW\�FRQVWUDLQWV��7KLV�LV�GRQH�IRU�WKH�VDPH�UHDVRQ�WKDW�ZH�GHILQHG�
GHVLUHG� SURSHUWLHV� UHJDUGLQJ� WKH� ORJLFDO� RSHUDWRUV� Å�� Æ�� Ä�� 6XFK� IXQFWLRQV� FDQ� EH�
IUHHO\�GHILQHG��EXW�WKH\�DUH�VXEMHFW�WR�VSHFLILF�FRQVWUDLQWV�LQ�RUGHU�WR�EH�UDWLRQDO���

,Q�RUGHU�WR�IRUPDOL]H�WKH�QRWLRQ�RI�HOHPHQW�DQG�OLQH�UHOLDELOLW\�ZH�GHILQH�VRPH�
QHZ�FODVVHV�RI�IXQFWLRQV���
'HILQLWLRQ�����

$� IXQFWLRQ� 5(�� � �� LV� VDLG� WR� EHORQJ� LQ� WKH� FODVV� 5(�� RI� 3ULPLWLYH� (OHPHQW�
5HOLDELOLW\�)XQFWLRQV�LII�5(��KDV�WKH�IROORZLQJ�SURSHUWLHV��

  5(��[�\L� 5(��\�[L�� IRU�DOO�[�\» � �UHOLDELOLW\� LV� V\PPHWULF�ZLWK� UHVSHFW� WR� WKH�
ILUVW�GLDJRQDO�D[LV��

  5(��]� 5(��±]��IRU�DOO�]» ��UHOLDELOLW\�LV�V\PPHWULF�ZLWK�UHVSHFW�WR����

$�IXQFWLRQ�5(� 
¤Q� ���
¤Q�LV�VDLG�WR�EHORQJ�LQ�WKH�FODVV� 5(�RI�(OHPHQW�5HOLDELOLW\�

)XQFWLRQV� LII� IRU� DQ\� $» 
¤Q�� $ >DLM@�� WKHUH� H[LVWV� D� IXQFWLRQ� 5(�» 5(�� VXFK� WKDW�
5(�$� >5(��DLM�@���

$� IXQFWLRQ� 5/��
����¤Q� ���� LV� VDLG� WR� EHORQJ� LQ� WKH� FODVV� 5/�� RI�3ULPLWLYH� /LQH�

5HOLDELOLW\�)XQFWLRQV�LII�5/��KDV�WKH�IROORZLQJ�SURSHUWLHV��
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  )RU� DQ\� M�N»^����«�Q`�� M�N� DQG�[��[��«�[Q» ����� WKH� IROORZLQJ�HTXDWLRQ�KROGV��
5/��[��[��«�[M�«�[N�«�[Q� 5/��[��[��«�[N�«�[M�«�[Q�� �VZDSSLQJ� RI� WKH�
YDULDEOHV¶�LQGH[HV�GRHV�QRW�FKDQJH�WKH�UHVXOW�RI�WKH�IXQFWLRQ��

  )RU� DQ\� [�\�[��«�[Q» ����� VXFK� WKDW� \�[�� LW� KROGV� WKDW�
5/��\�[��«�[Q��5/��[�[��«�[Q���5/��LV�PRQRWRQLFDOO\�LQFUHDVLQJ�ZLWK�UHVSHFW�WR�
WKH�ILUVW�RI�LWV�YDULDEOHV��

$� IXQFWLRQ�5/� ���
¤Q� ���
¤�� LV� VDLG� WR� EHORQJ� LQ� WKH� FODVV�¯/� RI�/LQH�5HOLDELOLW\�

)XQFWLRQV� LII�IRU�DQ\�N» �DQG�$» ���N¤Q��VXFK�WKDW�$ $���_$���_«_$�N���$�M�» ����¤Q��

M»^����«�N`��WKHUH�H[LVWV�D�IXQFWLRQ�5/�» 5/��VXFK�WKDW��
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N$5/

$5/

$5/

$5/ ��

�

1RWLFH�WKDW�WKH�IXQFWLRQV�EHORQJLQJ�WR� 5/��DUH�DOVR�PRQRWRQLFDOO\�LQFUHDVLQJ�
ZLWK� UHVSHFW� WR� HDFK� RQH� RI� WKHLU� YDULDEOHV�� EHFDXVH� RI� WKH� ILUVW� SURSHUW\� RI� VXFK�
IXQFWLRQV��

6RPH�FRPPHQWV�UHJDUGLQJ�WKH�QRWLRQ�EHKLQG�WKH�GHILQLWLRQ�RI�WKHVH�SURSHUWLHV�

IRU�WKH�FODVVHV� 5(�DQG� 5/�DUH�LQ�RUGHU��)LUVW��LW�LV�FOHDU�WKDW�DQ�HOHPHQW¶V�UHOLDELOLW\�
VKRXOG�GHSHQG�VROHO\�RQ� WKH�HOHPHQW� LWVHOI� DQG�QRW�RQ�RWKHU�HOHPHQWV�RI� WKH�PDWUL[��
HYHQ�LI�WKH\�DUH�LQ�WKH�VDPH�OLQH�RU�FROXPQ��7KLV�LV�WKH�UHDVRQ�IRU�WKH�GHILQLWLRQ�RI�WKH�

VHSDUDWH� FODVV� RI� 5(�� IXQFWLRQV�� 7KH� VDPH� WKRXJKWV� OHG� XV� WR� WKH� GHILQLWLRQ� RI� WKH�

5/��FODVV�RI�IXQFWLRQV��DV�D�OLQH¶V�UHOLDELOLW\�GHSHQGV�RQO\�RQ�WKH�UHOLDELOLWLHV�RI�WKH�
HOHPHQWV�RI�WKH�OLQH�LWVHOI���

5HJDUGLQJ�WKH�SURSHUWLHV�RI�WKH�FODVV� 5(���WKH�ILUVW�SURSHUW\�LQGLFDWHV�WKH�IDFW�
WKDW�ZH�VKRXOG�KDYH�QR�ELDV�WRZDUGV�SRVLWLYH�RU�QHJDWLYH�DWRPV��,Q�RWKHU�ZRUGV��IRU�D�
FRPSOH[�QXPEHU�[�\L��ZKLFK�FDQ�EH� HTXLYDOHQWO\�H[SUHVVHG�DV� D�SDLU� �[�\��� WKH� IDFW�
WKDW�[�UHIHUV�WR�WKH�5)�RI�WKH�SRVLWLYH�DWRP�DQG�\�UHIHUV�WR�WKH�5)�RI�WKH�QHJDWLYH�DWRP��
VKRXOG�EH� LUUHOHYDQW� DV� IDU�DV� WKH� HOHPHQW¶V� UHOLDELOLW\� LV�FRQFHUQHG��7KHUHIRUH��[�\L�
VKRXOG�KDYH�WKH�VDPH�UHOLDELOLW\�DV�\�[L���

0RUHRYHU��WKH�VHPDQWLFV�RI�WKH�5)�LQGLFDWH�WKDW�RXU�ZLOOLQJQHVV�WR�EHOLHYH�RU�
GLVEHOLHYH� DQ� DWRP� �RU� LWV� QHJDWLRQ��GHSHQGV�RQ� WKH� DEVROXWH�YDOXH�RI� LWV�5)� �_5)_���
7KH�VLJQ�RI�WKH�5)�LQGLFDWHV�ZKHWKHU�LW�UHIHUV�WR�EHOLHYLQJ�RU�GLVEHOLHYLQJ��7KHUHIRUH��
WKH�RQO\�HIIHFW� WKDW� WKH�5)¶V� VLJQ�VKRXOG�KDYH�RQ� WKH�HOHPHQW¶V� UHOLDELOLW\�KDV� WR�GR�
ZLWK� ZKHWKHU� WKH� DWRP¶V� 5)� �UHDO� SDUW� RI� WKH� FRPSOH[� QXPEHU�� DQG� WKH� 5)� RI� WKH�
DWRP¶V�QHJDWLRQ��LPDJLQDU\�SDUW�RI�WKH�FRPSOH[�QXPEHU��KDYH�WKH�VDPH�VLJQ�RU�QRW��,I�
WKH� VLJQV� DUH� WKH� VDPH�� WKHQ� LW� LV� LUUHOHYDQW� ZKHWKHU� WKH\� UHIHU� WR� EHOLHYLQJ� RU�
GLVEHOLHYLQJ��LW�LV�D�FRQWUDGLFWLRQ�DQ\ZD\��7KXV��E\�FKDQJLQJ�WKH�VLJQ�RI�ERWK�WKH�UHDO�
DQG� WKH� LPDJLQDU\� SDUW�� D� FRQWUDGLFWLRQ� UHPDLQV� D� FRQWUDGLFWLRQ� DQG� LWV� LQWHQVLW\�
UHPDLQV�WKH�VDPH��DV� WKH�DEVROXWH�YDOXHV�RI� WKH�5)V�GR�QRW�FKDQJH��6LPLODUO\�� LI� WKH�
5)� VLJQV� DUH� QRW� WKH� VDPH�� WKHQ� ZH� EHOLHYH� LQ� HLWKHU� DQ� DWRP� RU� LWV� QHJDWLRQ�� E\�
FKDQJLQJ�ERWK�VLJQV�ZH�VLPSO\�VZLWFK�EHWZHHQ�EHOLHYLQJ�WKH�DWRP�DQG�EHOLHYLQJ�WKH�
DWRP¶V�QHJDWLRQ��,Q�DQ\�FDVH��JLYHQ�WKDW�WKHUH�VKRXOG�EH�QR�ELDV�RQ�ZKHWKHU�ZH�EHOLHYH�
WKH�DWRP�RU� LWV�QHJDWLRQ�� WKH�HOHPHQW¶V� UHOLDELOLW\� LV�XQDIIHFWHG�E\� WKLV� VZLWFKLQJ��DV�
WKH�DEVROXWH�YDOXHV�RI�5)V�GR�QRW�FKDQJH��6XPPDUL]LQJ�� WKH�VLPXOWDQHRXV�VZLWFKLQJ�
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RI�WKH�VLJQV�RI�WKH�UHDO�DQG�LPDJLQDU\�SDUW�RI�D�FRPSOH[�QXPEHU�VKRXOG�QRW�DIIHFW�WKLV�
QXPEHU¶V�UHOLDELOLW\��7KLV�LV�WKH�IDFW�H[SUHVVHG�E\�WKH�VHFRQG�SURSHUW\�DWWDFKHG�WR�WKH�

5(��FODVV�RI�IXQFWLRQV��

7KH� SURSHUWLHV� RI� WKH� 5/�� FODVV� RI� IXQFWLRQV� DUH�PRUH� HDVLO\� MXVWLILHG�� 7KH�
ILUVW�SURSHUW\�UHIHUV�WR�WKH�REYLRXV�IDFW�WKDW�D�OLQH¶V�UHOLDELOLW\�VKRXOG�EH�XQDIIHFWHG�E\�
WKH�RUGHU�ZLWK�ZKLFK�WKH�DWRPV�DSSHDU� LQ�WKH�PDWUL[��7KH�VHFRQG�SURSHUW\�H[SUHVVHV�
WKH�UHTXLUHPHQW�WKDW�WKH�LQFUHDVH�RI�DQ�HOHPHQW¶V�UHOLDELOLW\�FRXOG�QRW�SRVVLEO\�FDXVH�
WKH�GHFUHDVH�RI�WKH�RYHUDOO�UHOLDELOLW\�RI�WKH�OLQH�LW�EHORQJV�WR��

5HJDUGLQJ�WKH�/6�IXQFWLRQ��ZH�KDYH�WKH�IROORZLQJ�WZR�GHILQLWLRQV��
'HILQLWLRQ�����

$� IXQFWLRQ� /6� ���
¤��3� 
�� LV� VDLG� WR� EHORQJ� LQ� WKH� FODVV� /6� RI� /LQH� 6HOHFWLRQ�

)XQFWLRQV�LII�IRU�DQ\�N» 
�DQG�DQ\�$» ���N¤���WKH�IROORZLQJ�FRQGLWLRQ�KROGV��
³¹/6�$�º^����«�N`��ZH�PXVW�VHOHFW�DW�OHDVW�RQH�LQGH[��LQ�WKH�UDQJH��«N���
�

7KH�RQO\�SURSHUW\�RI�WKH� /6�FODVV�LV�LQFOXGHG�LQ�RUGHU�IRU�WKH�LQGLFHV�UHWXUQHG�
E\�WKH�/6�IXQFWLRQ�WR�KDYH�³OHJLWLPDWH´�YDOXHV��LH�WR�GHVFULEH�DW�OHDVW�RQH�OLQH�RI�WKH�
PDWUL[�DQG�WR�EH�ZLWKLQ�WKH�DFFHSWDEOH�UDQJH��
�
'HILQLWLRQ�����

:H� GHILQH� WKH� VXEPDWUL[� VHOHFWLRQ� IXQFWLRQ�06� 
¤Q¤3� 
�� 
¤Q�� )RU� DQ\� N» 
��

$» N¤Q��6º 
��VXFK�WKDW�$ $���_$���_«_$�N���$�M�» �¤Q��M»^����«�N`��ZH�GHILQH��
06�$�6� $��LII�6 ³�RU�WKHUH�H[LVWV�P»6�VXFK�WKDW�P!N��

��_��� M

6M

$6$06
»

= ��RWKHUZLVH��

�
7KH�/6�DQG�06�IXQFWLRQV�DUH�XVHG�WR�VHOHFW�D�VXEPDWUL[�RI�WKH�RULJLQDO�PDWUL[�

IRU�WKH�TXHU\��7KH�VHOHFWHG�VXEPDWUL[�LV�QRUPDOL]HG�XVLQJ�WKH�IROORZLQJ�IXQFWLRQ��
'HILQLWLRQ�����

:H� GHILQH� WKH� PDWUL[� QRUPDOL]DWLRQ� IXQFWLRQ� 01� 
¤Q� 
¤Q�� )RU� DQ\� N» 
��

$» N¤Q��VXFK�WKDW�$ >DLM@��L»^����«�N`��M»^����«�Q`��ZH�GHILQH��

01�$� %» N¤Q��ZKHUH�% >ELM@�DQG�IRU�DOO�L»^����«�N`��M»^����«�Q`���
ELM 5H�DLM�±,P�DLM��
�

,Q�HIIHFW��DQ�HOHPHQW�UHOLDELOLW\�IXQFWLRQ�DVVLJQV�WR�HDFK�HOHPHQW�RI�WKH�PDWUL[�
LWV�UHOLDELOLW\��D�OLQH�UHOLDELOLW\�IXQFWLRQ�DVVLJQV�WR�HDFK�OLQH�RI�WKH�PDWUL[�LWV�UHOLDELOLW\��
ZKHUHDV�D�OLQH�VHOHFWLRQ�IXQFWLRQ�VHOHFWV�D�QRQ�HPSW\�VXEVHW�RI�WKH�OLQHV�RI�WKH�PDWUL[��
7KH�06�IXQFWLRQ�LV�ZHOO�GHILQHG��DQG�UHWXUQV�D�VXEPDWUL[�RI�$�ZKLFK�FRQVLVWV�RI�VRPH�
RI� WKH� OLQHV� RI� $�� WKRVH� ZKRVH� LQGH[HV� EHORQJ� WR� WKH� VHW� 6�� ,Q� WKH� DEQRUPDO� FDVHV�
ZKHUH�6 ³�RU�6�FRQWDLQV�IDXOW\�LQGH[HV��RXW�RI�UDQJH���WKH�IXQFWLRQ�UHWXUQV�WKH�PDWUL[�
$��6XFK�FDVHV�ZLOO�QRW�DSSHDU� LQ�WKLV�DSSOLFDWLRQ��EXW�DUH�LQFOXGHG�IRU�FRPSOHWHQHVV��
)LQDOO\��WKH�01�IXQFWLRQ�LV�XVHG�WR�QRUPDOL]H�WKH�UHVXOW��DQG�WKH�QRUPDOL]HG�PDWUL[�LV�
WUDQVIRUPHG�WR�D�ORJLFDO�SURSRVLWLRQ�XVLQJ�WKH�77,�IXQFWLRQ��

7KH�LQIRUPDO�DQDO\VLV�PDGH�LQ�WKH�SUHYLRXV�VHFWLRQ��FDQ�EH�PRUH�IRUPDOO\�VHW�
IRUWK�XVLQJ� WKH� IRUPDOL]DWLRQ�SUHVHQWHG�DERYH��0RUH�VSHFLILFDOO\�� WKH� FRUUHFW�ZD\� WR�

WUDQVIRUP�D�PDWUL[�$» N¤Q� �IRU�VRPH�N» 
�� LQWR�D�SURSRVLWLRQDO�H[SUHVVLRQ�IRU� WKH�
QHHGV�RI�TXHULHV��47�IXQFWLRQ��LV�FRPSRVHG�RI�WKH�IROORZLQJ�VWHSV��
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��� $SSO\� WKH� XVHU�GHILQHG� 5(» 5(� IXQFWLRQ� RQ� WKH� PDWUL[� $� WR� JHW�

% 5(�$�» ���N¤Q��

��� $SSO\� WKH� XVHU�GHILQHG� 5/» 5/� IXQFWLRQ� RQ� WKH� PDWUL[� %� WR� JHW�

& 5/�%�» ���N¤���

��� $SSO\� WKH� XVHU�GHILQHG� /6» /6� IXQFWLRQ� RQ� WKH� PDWUL[� &� WR� JHW�
6 /6�&�º^����«�N`��6¨³��

��� 6HOHFW�WKH�VXEPDWUL[��' 06�&�6� 06�&�/6�&��» P¤Q��IRU�VRPH�P» 
��P�N��

��� $SSO\�WKH�01�IXQFWLRQ�RQ�WKH�PDWUL[�'�WR�JHW�( 01�'�» P¤Q��
��� $SSO\�WKH�77,�IXQFWLRQ�RQ�WKH�UHVXOW�WR�JHW�S 77,�(�»/
��
�

:LWK�WKH�IRUPDOL]DWLRQ�RI�WKH�TXHU\�DQVZHULQJ�SURFHVV�DW�KDQG��ZH�KDYH�QRZ�
FRPSOHWHG� WKH� GHVFULSWLRQ� RI� RXU� PHWKRG�� 6RPH� SURSHUWLHV� RI� WKH� PHWKRG� DQG� LWV�
UHODWLRQ�ZLWK�WKH�FRQVLGHUDWLRQV�GHVFULEHG�LQ�VHFWLRQ����³'ULYLQJ�&RQVLGHUDWLRQV´��FDQ�
EH�LPPHGLDWHO\�GHGXFWHG��2XU�DOJRULWKP�NHHSV�RQH�PDWUL[�IRU�WKH�EDVH��DQG�QRW�HDFK�
LQGLYLGXDO�XSGDWH��EXW� WKH� UHWHQWLRQ�RI�FRQWUDGLFWRU\� OLQHV� LPSOLHV� WKDW� WKH� LQGLYLGXDO�
XSGDWHV�DUH�NHSW�LQ�DQ�HQFRGHG�IDVKLRQ��0RUHRYHU��LWHUDWHG�UHYLVLRQV�DUH�VXSSRUWHG��DV�
ZH�NHHS� WUDFN�RI� DOO� WKH�SUHYLRXV�XSGDWHV� DQG�5)V��)LQDOO\�� WKH� UHMHFWLRQ�RI� WKH�ROG�
GDWD�ZKHQ�DQVZHULQJ�TXHULHV� LV�PDGH�DFFRUGLQJ� WR�WKH�5)�DQG�WKH�IXQFWLRQV�5(�DQG�
5/��DQG� LV�PLQLPDO�ZLWK� UHVSHFW� WR� WKHVH�TXDQWLWLHV� �ZKHUH� WKH�QRWLRQ�RI�PLQLPDOLW\�
GHSHQGV�RQ�WKH�GHILQLWLRQ�RI�WKH�/6�IXQFWLRQ���

7KH� DOJRULWKP� RI� UHYLVLRQ� LV� FOHDUO\� GHILQHG�� KRZHYHU�� WKH� IOH[LELOLW\� LQ� WKH�
GHILQLWLRQ�RI�WKH�TXHU\�WUDQVIRUPDWLRQ�SURFHVV�DOORZV�XV�WR�UHODWH�WKH�VDPH�PDWUL[�ZLWK�
VHYHUDO� GLIIHUHQW� SURSRVLWLRQV�� GHSHQGLQJ� RQ� WKH� VHOHFWLRQ� RI� VRPH� SDUDPHWHUV�� 7KLV�
PHDQV� WKDW� ZH� KDYH� LQ� IDFW� GHILQHG� D� ZKROH� FODVV� RI� DOJRULWKPV�� 7KH� RSWLPXP�
DOJRULWKP� RI� WKLV� FODVV� FDQ� RQO\� EH� GHWHUPLQHG� DIWHU� VHYHUDO� WHVWV� DQG� LW� PD\� EH�
DSSOLFDWLRQ�GHSHQGHQW�� +RZHYHU�� ZH� KDYH� UHGXFHG� WKH� SUREOHP� RI� ILQGLQJ� WKH�
RSWLPXP� EHOLHI� UHYLVLRQ� DOJRULWKP� RI� WKLV� FODVV� LQ� WKH� SUREOHP� RI� VSHFLI\LQJ� WKH�
IROORZLQJ�SDUDPHWHUV�RI�WKH�DERYH�DOJRULWKP��
��� 7KH� 5)V� RI� WKH� DWRPV� RI� WKH� .%� DQG� XSGDWH�V��� 7KLV� PD\� EH� GRQH� LQ� D� IL[HG�

PDQQHU��IRU�H[DPSOH�VHWWLQJ�DOO�DWRPV�RI�WKH�XSGDWH�DQG�RU�.%�WR�DQ�5)�RI����RU�LQ�
D�IUHH�PDQQHU��OHWWLQJ�WKH�XVHU�IUHHO\�VSHFLI\�WKH�5)�RI�WKH�XSGDWHV��GHSHQGLQJ�RQ�
KLV�FRQILGHQFH�RQ�HDFK�DWRP��GLVMXQFWLRQ�RU�SURSRVLWLRQ���

��� 7KH�5/�DQG�5(�IXQFWLRQV��7KHVH�IXQFWLRQV��DORQJ�ZLWK�SDUDPHWHU���EHORZ��SOD\�D�
YHU\�LPSRUWDQW�UROH�LQ�WKH�VHOHFWLRQ�RI�WKH�OLQHV�WR�EH�XVHG�LQ�WKH�TXHULHV��7KHUH�DUH�
LQ�JHQHUDO�WZR�W\SHV�RI�VXFK�IXQFWLRQV��WKRVH�WKDW�GHSHQG�RQO\�RQ�WKH�H[LVWHQFH�RI�
D�FRQWUDGLFWLRQ�DQG�WKRVH�WKDW�GHSHQG�RQ�WKH�³LQWHQVLW\´�RI�HDFK�FRQWUDGLFWLRQ��7KH�
³LQWHQVLW\´�RI�D�FRQWUDGLFWLRQ�PD\�EH�GHILQHG�LQ�GLIIHUHQW�ZD\V�DQG�WKH�EHVW�ZD\�
FDQ�RQO\�EH�GHWHUPLQHG�E\�UXQQLQJ�VHYHUDO�WHVWV�RI�XSGDWHV�RQ�WKH�.%�DQG�WDNLQJ�
LQWR�DFFRXQW�WKH�VSHFLILF�DSSOLFDWLRQ�WKDW�ZH�DUH�LQWHUHVWHG�LQ��

��� 7KH�OLQHV�WR�EH�VHOHFWHG�IRU�WKH�TXHU\��IXQFWLRQ�/6���7KLV�PD\�EH�D�IL[HG�QXPEHU�
RI�OLQHV��RU�D�IXQFWLRQ�RI�WKH�QXPEHU�RI�XSGDWHV��WKH�QXPEHU�RI�OLQHV�RI�WKH�PDWUL[�
RU�VRPH�RWKHU�SDUDPHWHU��2QFH�DJDLQ�� WKH�EHVW�FULWHULRQ�LV�DSSOLFDWLRQ�GHSHQGHQW��
DQG�FDQ�RQO\�EH�GHWHUPLQHG�DIWHU�H[WHQVLYH�WHVWV���

�
$OO�WKHVH�SDUDPHWHUV�DUH�VXEMHFW�WR�WKH�UDWLRQDOLW\�FRQVWUDLQWV�PHQWLRQHG�DERYH��

$Q� DGGLWLRQDO� SDUDPHWHU� PD\� EH� WKH� VHOHFWLRQ� RI� WKH� ORJLFDO� RSHUDWRUV� Å�� Æ�� Ä��
KRZHYHU�� ZH� FRQVLGHU� WKLV� RI� OHVVHU� LPSRUWDQFH�� DV� WKHVH� RSHUDWRUV� PD\� QRW� EH�
QHFHVVDU\� LQ� JHQHUDO� IRU� WKH� GHILQLWLRQ� RI� WKH� UHYLVLRQ� DOJRULWKP� �LI� WKH� '1)� RI�



� �������

SURSRVLWLRQV� LV� XVHG��� )LQDOO\�� D� ILIWK� SDUDPHWHU�� DOVR� RI� OHVVHU� LPSRUWDQFH�� ZLOO� EH�
LQWURGXFHG� LQ� VHFWLRQ� ��� �³&RPSOH[LW\� ,VVXHV´��� UHIHUULQJ� WR� WKH� SURFHGXUH� RI�
DEUXSWLRQ�WKDW�ZH�ZLOO�GHILQH��

����2WKHU�2SHUDWLRQV�
7KH�RSHUDWLRQ�RI�FRQWUDFWLRQ�LV�GXDO�WR�UHYLVLRQ��DQG�LW�KDV�EHHQ�DUJXHG��>�������

��@�� WKDW� LW� LV� LQWXLWLYHO\� VLPSOHU� WR� GHDO�ZLWK� FRQWUDFWLRQ� LQVWHDG� RI� UHYLVLRQ�� )RU� D�
FHUWDLQ�FODVV�RI�XSGDWH�VFKHPHV��QDPHO\�WKRVH�WKDW�VDWLVI\�WKH�$*0�SRVWXODWHV��LW�KDV�
EHHQ� SURYHQ� WKDW� UHYLVLRQ� DQG� FRQWUDFWLRQ� FDQ� EH� GHILQHG� LQ� WHUPV� RI� HDFK� RWKHU��
6LPLODUO\��XSGDWH�LV�DQ�LPSRUWDQW�RSHUDWLRQ��ZKRVH�GXDO�LV�HUDVXUH��>��@���

$V�DOUHDG\�PHQWLRQHG�DERYH��RXU�DOJRULWKP�GHDOV�ZLWK�DOO�WKH�DERYH�RSHUDWLRQV�
LQWHUFKDQJHDEO\�� GHVSLWH� WKHLU� GLIIHUHQW� QDWXUH��0RUH� VSHFLILFDOO\�� FRQWUDFWLRQ� LV� WKH�
SURFHVV�RI�UHPRYLQJ��LQVWHDG�RI�DGGLQJ��NQRZOHGJH�IURP�D�.%��7KLV�QDWXUDOO\�LPSOLHV�
WKDW�FRQWUDFWLRQ�RI�D�PDWUL[�.�ZLWK�D�PDWUL[�0��FRXOG�VLPSO\�EH�WKH�UHYLVLRQ�RI�PDWUL[�
.�ZLWK�PDWUL[�±0��1DWXUDOO\��ZH�FRXOG�DSSO\�WKH�PLQXV�VLJQ�WR�DOO�WKH�HOHPHQWV�RI�0��
WKXV�HOLPLQDWLQJ�WKH�QHHG�IRU�D�VSHFLILF�FRQWUDFWLRQ�RSHUDWRU���

1RUPDOO\��NQRZOHGJH�LV�H[SUHVVHG�XVLQJ�HOHPHQWV�IURP�WKH�VHW� �����(OHPHQWV�
ZLWK�QHJDWLYH�UHDO�RU�LPDJLQDU\�SDUWV�DFWXDOO\�LPSO\�WKH�ORVV�RI�FRQILGHQFH�LQ�D�FHUWDLQ�
SURSRVLWLRQ��ZKLFK�LV�WKH�QRWLRQ�EHKLQG�FRQWUDFWLRQ��,W�IROORZV�WKDW�LQ�WKH�VDPH�XSGDWH�
PDWUL[�0��ZH�FRXOG�GR�ERWK�UHYLVLRQ�DQG�FRQWUDFWLRQ��E\�VLPSO\�VHWWLQJ�VRPH�RI� WKH�
HOHPHQWV� WR�KDYH�QHJDWLYH�UHDO�RU� LPDJLQDU\�SDUWV�DQG�VRPH�RI� WKH�HOHPHQWV� WR�KDYH�
SRVLWLYH� UHDO� DQG� LPDJLQDU\� SDUWV�� 7KLV� LV� DQ� RSWLRQ� QRW� DYDLODEOH� LQ� RWKHU� XSGDWH�
VFKHPHV��

7KH� LQWHJUDWLRQ� RI� WKH� XSGDWH� RSHUDWRU� LQWR� RXU� XSGDWH� VFKHPH� LV� VRPHZKDW�
PRUH� FRPSOH[�� 8SGDWLQJ� ZLWK� D� SURSRVLWLRQ� S�� DFWXDOO\� PHDQV� WKDW� WKH� ZRUOG� KDV�
FKDQJHG� LQ� VXFK� D� ZD\� WKDW� S� LV� QRZ� WUXH�� $OO� SUHYLRXV� NQRZOHGJH� LV� LUUHOHYDQW��
EHFDXVH�LW�UHIHUV�WR�D�SUHYLRXV�VWDWH��FRQWUDU\�WR�UHYLVLRQ�ZKHUH�SUHYLRXV�NQRZOHGJH�LV�
LPSRUWDQW��EHFDXVH�LW�UHIHUV�WR�WKH�VDPH�VWDWH�RI�WKH�ZRUOG��7KHVH�WKRXJKWV�LQGLUHFWO\�
LPSO\�WKDW�WKH�PDWUL[�3�WKDW�UHSUHVHQWV�SURSRVLWLRQ�S�VKRXOG�EH�³HQKDQFHG´�LQ�VXFK�D�
ZD\�DV�WR�UHPRYH�WKH�SUHYLRXV�NQRZOHGJH�DV�ZHOO�DV�WR�DGG�WKH�FXUUHQW�RQH��

:H�ZLOO�VHH�KRZ�WKLV�LV�SRVVLEOH�ZLWK�DQ�H[DPSOH��:H�ZLOO�XVH�WKH�77�IXQFWLRQ�
DV� ZDV� LQIRUPDOO\� GHILQHG� LQ� VHFWLRQ� �� �³7DEOH� 7UDQVIRUPDWLRQ´��� DQG� DSSO\� WKH�
PHWKRG�WR�WKH�H[DPSOH�ZH�XVHG�LQ�VHFWLRQ����³3URSHUWLHV�RI�%HOLHI�5HYLVLRQ´��LQ�RUGHU�
WR� RXWOLQH� WKH� GLIIHUHQFH� EHWZHHQ� UHYLVLRQ� DQG� XSGDWH�� ,Q� WKDW� H[DPSOH��ZH� KDG� WKH�
SURSRVLWLRQ�� �$ÅÄ%�Æ�Ä$Å%�� IRU� RXU� EDVH� DQG� WKH� SURSRVLWLRQ� $� IRU� WKH�
XSGDWH�UHYLVLRQ��5HPHPEHU�WKDW�WKH�SURSHU�LQWXLWLYH�UHVXOW�ZDV�$ÅÄ%�IRU�WKH�UHYLVLRQ�
DQG�$�IRU�WKH�XSGDWH��7XUQLQJ�LQWR�PDWULFHV�ZH�KDYH�WKH�IROORZLQJ�PDWUL[�IRU�WKH�.%��
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UHIHU� WR� WKH� SURSRVLWLRQ� $�� LH� 77,�0�� 77,�0�� $�� +RZHYHU�� 0�� FRQWDLQV� WKH�
LQIRUPDWLRQ� WKDW�$� LV� WUXH��ZKHUHDV�0�� DGGLWLRQDOO\� LQIRUPV� WKH�EDVH� WKDW�Ä$� LV�QR�
ORQJHU�WUXH��0RUHRYHU��WKH�XSGDWH�RI�.�ZLWK�0��JLYHV�D�GLIIHUHQW�UHVXOW�WKDQ�WKH�XSGDWH�
RI�.�ZLWK�0���
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7KH�DFWXDO�SURSRVLWLRQ�WKDW�ZLOO�EH�XVHG�LQ�TXHULHV�REYLRXVO\�GHSHQGV�RQ�WKH�VHOHFWLRQ�
RI� WKH� 5(�� 5/� DQG� /6� IXQFWLRQV�� 1RWLFH� KRZHYHU�� WKDW� .�� FRQWDLQV� RQO\� RQH� QRQ�
FRQWUDGLFWRU\�OLQH��WKH�ILUVW�RQH��ZKLOH�ERWK�OLQHV�RI�.��DUH�QRQ�FRQWUDGLFWRU\��6R��PRVW�
�EXW�QRW�DOO��RI�WKH�UDWLRQDO�VHOHFWLRQV�RI�WKH�SDUDPHWHUV�5(��5/�DQG�/6�ZLOO�JLYH�WKH�
SURSRVLWLRQ�$ÅÄ%�IRU�.���ILUVW�OLQH�RQO\��DQG�WKH�SURSRVLWLRQ��$ÅÄ%�Æ�$Å%�@$�IRU�
.���ERWK�OLQHV�VHOHFWHG���7KHUHIRUH��ZH�KDYH�SHUIRUPHG�D�UHYLVLRQ�E\�XVLQJ�0��DQG�DQ�
XSGDWH�E\�XVLQJ�0���ERWK�XVLQJ�WKH�VDPH�DOJRULWKP��

+DYLQJ� GHILQHG� WKH� XSGDWH� RSHUDWRU�� ZH� FDQ� QRZ� GHILQH� WKH� RSHUDWLRQ� RI�
HUDVXUH��ZKLFK�LV�GXDO�WR�XSGDWH��:H�FDQ�GR�VR�LQ�D�PDQQHU�VLPLODU�WR�WKH�H[WHQVLRQ�RI�
UHYLVLRQ� IRU� WKH� LQWHJUDWLRQ� RI� FRQWUDFWLRQ�� 6SHFLILFDOO\�� HUDVXUH� ZLWK� PDWUL[� 0� LV�
HTXLYDOHQW�WR�XSGDWH�ZLWK�PDWUL[�±0��

����&RPSOH[LW\�,VVXHV�
7KH�FRPSXWDWLRQDO�FRPSOH[LW\�RI�RXU�XSGDWH�DOJRULWKP�GHSHQGV�RQ�WKH�QXPEHU�

RI� HOHPHQWV�SHU�PDWUL[��)RU� D�NQRZOHGJH�EDVH�ZLWK�Q�� OLQHV� DQG�P� FROXPQV�DQG�DQ�
XSGDWH� RI� Q�� OLQHV� DQG�P� FROXPQV�� WKH� UHVXOWLQJ�PDWUL[�ZLOO� KDYH� Q�ÃQ�� OLQHV� DQG�P�
FROXPQV�� 7R� FDOFXODWH� HDFK� HOHPHQW� RI� WKH� UHVXOWLQJ� PDWUL[�� ZH� PXVW� SHUIRUP� ��
SULPLWLYH� DGGLWLRQV�� VR� WKH� ZRUVW�FDVH� RSHUDWLRQV� �DGGLWLRQV�� UHTXLUHG� DUH��
>�Q�ÃQ��ÃP@Ã���WKDW�LPSOLHV�D�FRPSOH[LW\�RI�2�Q�ÃQ�ÃP����

&RQWLQXLQJ� WKH� DERYH� H[DPSOH�� IRU� D� NQRZOHGJH� EDVH� ZLWK� Q�� OLQHV� DQG� P�
FROXPQV� DQG� DIWHU� N� FRQVHFXWLYH� XSGDWHV�� ZLWK� Q��Q��«�QN� OLQHV� UHVSHFWLYHO\� DQG�P�
FROXPQV�SHU�XSGDWH��WKH�UHVXOWLQJ�PDWUL[�ZLOO�KDYH�

N
QQQ ÃÃÃ ���

��
�OLQHV�DQG�P�FROXPQV��

7KLV� LPSOLHV� WKDW� WKH�QXPEHU�RI� OLQHV�LQ�WKH�PDWUL[�UHSUHVHQWLQJ�WKH�NQRZOHGJH�EDVH�
LQFUHDVHV�H[SRQHQWLDOO\�ZLWK�WKH�QXPEHU�RI�XSGDWHV��DQG�VR�GRHV�WKH�FRVW�IRU�HDFK�QHZ�
XSGDWH�DV�ZHOO�DV�WKH�PHPRU\�VSDFH�UHTXLUHG�WR�VWRUH�WKH�EDVH��

7KLV�PD\�EH�XQDFFHSWDEOH�LQ�PRVW�FDVHV��VR�RQH�FRXOG�GHFLGH�WR�UHMHFW�VRPH�RI�
WKH� OLQHV� RI� WKH� PDWUL[� E\� D� SURFHGXUH� EDVHG� RQ� OLQH� UHOLDELOLW\�� ZKLFK� LV� FDOOHG�
DEUXSWLRQ�� 7KH� QXPEHU� RI� OLQHV� WR� EH� UHPRYHG� VKRXOG� EH� DQ� DSSOLFDWLRQ�GHSHQGHQW��
XVHU�GHILQHG� SDUDPHWHU�� UHSUHVHQWLQJ� D� WUDGH�RII� EHWZHHQ� NQRZOHGJH� LQWHJULW\� DQG�
SURFHVVLQJ�VSHHG��

)LQDOO\�� WKH�FRPSOH[LW\�RI� WKH�TXHU\� WUDQVIRUPDWLRQ�SURFHGXUH�RQ�DQ\�PDWUL[�
GHSHQGV�RQ�WKH�VL]H�RI�WKH�PDWUL[��DQG�LV�DQDORJRXV�WR�WKH�QXPEHU�RI�HOHPHQWV�RI�WKH�
PDWUL[��7KH�H[DFW�FRPSOH[LW\� FDQQRW�EH� FRPSXWHG�XQOHVV� WKH� IXQFWLRQV�5(��5/�DQG�
/6� DUH� NQRZQ�� EXW� LW� LV� FOHDU� WKDW� WKH� WHFKQLTXH� RI� DEUXSWLRQ�ZLOO� VSHHG� XS� WKLQJV��
UHJDUGOHVV�RI�WKH�DERYH�VHOHFWLRQ��

����3RVLWLYH�DQG�1HJDWLYH�.QRZOHGJH�
:H�KDYH� DOUHDG\� VWUHVVHG� WKH� IDFW� WKDW�PDWULFHV¶� HOHPHQWV� FDQ�KDYH�QHJDWLYH�

UHDO� RU� LPDJLQDU\�SDUWV��6XFK�QXPEHUV� LQGLFDWH� ODFN�RI� FRQILGHQFH� WR� D� JLYHQ� OLWHUDO�
DQG�RU�LWV�QHJDWLRQ��7KLV�PHDQV�WKDW�WKH\�GR�QRW�JLYH�GLUHFW�LQIRUPDWLRQ�RQ�WKH�WUXWK�RU�
IDOVLW\� RI� D� OLWHUDO�� LQVWHDG�� WKH\� LQGLUHFWO\� LPSO\� LWV� WUXWK� RU� IDOVLW\� E\� VSHFLI\LQJ�
GLVWUXVW�LQ�LWV�IDOVLW\�RU�WUXWK�UHVSHFWLYHO\��6XFK�NLQG�RI�NQRZOHGJH�ZLOO�EH�GHQRWHG�E\�
WKH� WHUP�QHJDWLYH� NQRZOHGJH� FRQWUDU\� WR� HOHPHQWV�ZLWK�QRQ�QHJDWLYH�SDUWV� �UHDO� DQG�
LPDJLQDU\���ZKLFK�ZLOO�EH�UHIHUUHG�WR�DV�SRVLWLYH�NQRZOHGJH��

7KH� DQDO\VLV� PDGH� LQ� VHFWLRQ� ��� �³2WKHU� 2SHUDWLRQV´�� KDV� SRLQWHG� RXW� WKH�
QHFHVVLW\�RI�QHJDWLYH�NQRZOHGJH��+RZHYHU��LI�ZH�UHVWULFW�RXUVHOYHV�WR�UHYLVLRQV��LW�LV�
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HQRXJK�WR�GHDO�ZLWK�SRVLWLYH�NQRZOHGJH�RQO\��7KLV�UHVWULFWLRQ�VLPSOLILHV�WKLQJV�D�ORW��

DV�PDQ\�PRUH�LQWHUHVWLQJ�UHVXOWV�FDQ�EH�SURYHQ�LQ�VSDFH� ���
¤Q��ZKLFK�PD\�QRW�EH�WUXH�

LQ� WKH� JHQHUDO� FDVH� � 
¤Q��� 7KH� XSGDWLQJ� VFKHPHV� SURSRVHG� LQ� WKH� OLWHUDWXUH� GR� QRW�
UHIHU� WR� QHJDWLYH� NQRZOHGJH�� DV� WKHUH� LV� QR� ZD\� WR� H[SUHVV� VXFK� NQRZOHGJH� LQ�
SURSRVLWLRQDO� ORJLF�� 7KHUHIRUH�� WKLV� UHVWULFWLRQ� �DQG� LWV� FRQVHTXHQFHV�� PD\� SURYH�
KHOSIXO�LQ�RXU�DWWHPSW�WR�FRPSDUH�RXU�ZRUN�ZLWK�H[LVWLQJ�UHYLVLRQ�VFKHPHV��

)LUVW� RI� DOO�� LW� LV� REYLRXV� WKDW� DOO� WKH� UHVXOWV� UHIHUULQJ� WR� 
¤Q�� FDQ� EH�

VXFFHVVIXOO\�DSSOLHG�WR� ���
¤Q��DV� ���º ��0RUHRYHU��DOO�GHILQLWLRQV�FDQ�EH�UHSKUDVHG�

WR� UHIHU� WR� ���
¤Q��$GGLWLRQDOO\�� LQ� ���
¤Q�� WKHUH� LV� D� YHU\� VLPSOH�ZD\� WR� GHILQH� WKH�

RSHUDWLRQV�Å��Æ��Ä��ZKLFK�GRHV�QRW�ZRUN�LQ� 
¤Q��7KH�SURSHUWLHV�RI� ���
¤Q�DUH�EDVHG�
RQ�WKH�IROORZLQJ�VLPSOH��EXW�LPSRUWDQW�UHPDUNV��

  ���´ � ^[�\L» ��\ ���[��`�

  ���´ ± ^[�\L» ��[ ���\��`�

  ���´ 
 ^[�\L» ��[!���\!�`�

  ���´ � � ^�`�
,W�LV�WULYLDO�WR�YHULI\�WKDW�WKH�DERYH�HTXDWLRQV�KROG��E\�WKH�DSSOLFDWLRQ�RI�WKH�GHILQLWLRQV�
RI�WKH�DERYH�VHWV��8VLQJ�WKHVH�UHODWLRQV��ZH�FDQ�SURYH�WKUHH�LPSRUWDQW�SURSRVLWLRQV��
3URSRVLWLRQ������

/HW�$�%» 
¤Q��:H�GHILQH�WKH�RSHUDWLRQ�Æ�DV��$Æ% $_%��7KHQ��WKH�RSHUDWRU�Æ�EHORQJV�

WR�WKH�FODVV�RI�GLVMXQFWLRQ�IXQFWLRQV� Æ��
3URRI�
)URP�WKH�GHILQLWLRQ�RI�VDWLVILDELOLW\��LW�LV�REYLRXV�WKDW�PRG�$_%� PRG�$�µPRG�%��IRU�

DQ\�$�%» 
¤Q��VR�WKH�RSHUDWRU�Æ�DV�GHILQHG�DERYH�EHORQJV�WR�WKH�FODVV�RI�GLVMXQFWLRQ�

IXQFWLRQV� Æ��
�

1RWLFH�WKDW�WKLV�SURSRVLWLRQ�KROGV�LQ� 
¤Q��DQG�QRW�RQO\�LQ� ���
¤Q��+RZHYHU��WKH�

SURSRVLWLRQ�EHORZ�GRHV�QRW�KROG�LQ� 
¤Q��
3URSRVLWLRQ������

/HW� $�%» ���
¤Q�� :H� GHILQH� WKH� RSHUDWLRQ� Å� DV�� $Å% $ %�� 7KHQ�� WKH� RSHUDWRU� Å�

EHORQJV�WR�WKH�FODVV�RI�FRQMXQFWLRQ�IXQFWLRQV� Å��
3URRI�
:H�PXVW�SURYH�WKDW�PRG�$ %� PRG�$�´PRG�%���

)LUVW�RI�DOO��OHW�XV�VXSSRVH�WKDW�$�%» ����¤Q��,Q�WKLV�FDVH��$ % $�%��

/HW�XV�VXSSRVH�WKDW�$ >Z��Z��«�ZQ@��% >]��]��«�]Q@��ZM�]M» �����IRU�DOO�M»^����«�Q`��
7KXV��
& $ % >Z��]��Z��]��«�ZQ�]Q@��

2EYLRXVO\��ZM�]M» �����IRU�DOO�M»^����«�Q`��
%\�SURSRVLWLRQ������ZH�KDYH�WKDW��
PRG�$� ,$�¤,$�¤«¤,$Q�����
PRG�%� ,%�¤,%�¤«¤,%Q�����
PRG�&� ,&�¤,&�¤«¤,&Q�����
ZKHUH��DV�XVXDO��IRU�DQ\�M»^����«�Q`��



� �������

�»,$M�LII�ZM» ±´ ����

�»,$M�LII�ZM» �´ ����

�»,%M�LII�]M» ±´ ����

�»,%M�LII�]M» �´ ����

�»,&M�LII�ZM�]M» ±´ ����

�»,&M�LII�ZM�]M» �´ ����

,W�IROORZV�WKDW��»,&MÇZM�]M» ±´ ���Ç5H�ZM�]M� ��DQG�,P�ZM�]M���Ç�
Ç5H�ZM��5H�]M� ��DQG�,P�ZM��,P�]M���������

*LYHQ�WKDW�ZM�]M» �����ZH�KDYH��E\�GHILQLWLRQ��WKDW��5H�ZM�����,P�ZM�����5H�]M����DQG�
,P�]M�����
&RPELQLQJ�����ZLWK�WKH�DERYH�UHODWLRQV�ZH�KDYH�WKDW��

5H�ZM� 5H�]M� ��DQG�,P�ZM�����,P�]M�����VR��ZM�]M» ±´ �����ZKLFK�LPSOLHV�WKDW��»,$M�
DQG��»,%M��
7KXV���»,&MÊ�»,$M�DQG��»,%M��

6LPLODUO\��LI��»,$M�DQG��»,%M��WKHQ�ZM�]M» ±´ ����VR��
5H�ZM� ���5H�]M� ���,P�ZM����DQG�,P�]M�����ZKLFK�PHDQV�WKDW��

5H�ZM�]M� ��DQG�,P�ZM�]M���ÊZM�]M» ±´ ���Ê�»,&M��
6XPPDUL]LQJ�ZH�KDYH�WKDW���»,&MÇ�»,$M�DQG��»,%M��
8VLQJ�WKH�VDPH�WHFKQLTXH��LW�FDQ�EH�SURYHQ�WKDW���»,&MÇ�»,$M�DQG��»,%M��
7KH� DERYH� WZR� HTXLYDOHQFHV�� DORQJ� ZLWK� WKH� IDFW� WKDW� ,$Mº^���`�� ,%Mº^���`� DQG�
,&Mº^���`��LPSO\�WKDW�,&M ,$M´,%M��DQG�WKLV�KROGV�IRU�DOO�M»^����«�Q`��0RUHRYHU��
PRG�$�´PRG�%� �,$�¤,$�¤«¤,$Q�´�,%�¤,%�¤«¤,%Q� �
 �,$�´,%��¤�,$�´,%��¤«¤�,$Q´,%Q� ,&�¤,&�¤«¤,&Q PRG�&� PRG�$ %� PRG�$Å%���

DQG�WKH�SURRI�LV�FRPSOHWH�IRU�$�%» ����¤Q��

,Q�WKH�JHQHUDO�FDVH��ZKHUH�$�%» ���
¤Q��OHW�XV�VXSSRVH�WKDW��

$ $���_$���_«_$�N�� DQG� % %���_%���_«_%�P��� IRU� VRPH� N�P» 
�� ZKHUH� $�M�» ����¤Q��

M»^����«�N`�DQG�%�M�» ����¤Q��M»^����«�P`��
7KHQ��
PRG�$�´PRG�%� PRG�$���_$���_«_$�N��´PRG�%���_%���_«_%�P�� �
 >PRG�$����µPRG�$����µ«µPRG�$�N��@´>PRG�%����µPRG�%����µ«µPRG�%�P��@ �
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%HFDXVH� RI� WKH� IDFW� WKDW� $�K��%�M�» ����¤Q�� IRU� DOO� K»^����«�N`�� M»^����«�P`�� LW�
IROORZV�WKDW���
PRG�$�K��´PRG�%�M�� PRG�$�K�Å%�M�� PRG�$�K��%�M����
7KXV��

�PRG����_PRG��PRG��PRG��PRG� ����
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E\�GHILQLWLRQ������DQG�WKH�SURRI�LV�FRPSOHWH��
�

3URSRVLWLRQ������

/HW�$» ���
¤Q��:H�GHILQH�WKH�RSHUDWLRQ�Ä�UHFXUVLYHO\�DV�IROORZV��
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  ,I�$ $M�]��IRU�VRPH�M»^����«�Q`��]» ���´� �? ±���WKHQ�Ä$ $M�]ÃL��

  ,I�$ $M�]��IRU�VRPH�M»^����«�Q`��]» ���´� ±? ����WKHQ�Ä$ $M�±]ÃL��

  ,I�$ $M�]��IRU�VRPH�M»^����«�Q`��]» ���´ ���WKHQ�Ä$ )Q�

  ,I�$ $M�]��IRU�VRPH�M»^����«�Q`��]» ���´ 
��WKHQ�Ä$ $M�5H�]�ÃL�Æ$M�,P�]���

  ,Q�WKH�JHQHUDO�FDVH��OHW�$» ���P¤Q��IRU�VRPH�P» 
�DQG��
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8QGHU�WKLV�GHILQLWLRQ��WKH�RSHUDWRU�Ä�EHORQJV�WR�WKH�FODVV�RI�QHJDWLRQ�IXQFWLRQV� Ä��
3URRI�

,I�$ $M�]���IRU�VRPH�M»^����«�Q`��]» ���´� �? ±���WKHQ���
PRG�$� ,�¤,�¤«¤,Q��ZKHUH�,N ^���`��N»^����«�Q`?^M`�DQG�,M ^�`��

2Q�WKH�RWKHU�KDQG��]ÃL» ���´� ±? ����WKHUHIRUH��
PRG�Ä$� PRG�$M�]ÃL�� ,���¤,���¤«¤,�Q��� ZKHUH� ,�N� ^���`�� N»^����«�Q`?^M`� DQG�
,�M� ^�`��
7KXV��PRG�Ä$� ,�Q�?PRG�$��LQ�WKLV�FDVH��

6LPLODUO\��LI�$ $M�]���IRU�VRPH�M»^����«�Q`��]» ���´� ±? ����WKHQ���
PRG�$� ,�¤,�¤«¤,Q��ZKHUH�,N ^���`��N»^����«�Q`?^M`�DQG�,M ^�`��

2Q�WKH�RWKHU�KDQG��±]ÃL» ���´� �? ±���WKHUHIRUH��
PRG�Ä$� PRG�$M�±]ÃL�� ,���¤,���¤«¤,�Q��� ZKHUH� ,�N� ^���`�� N»^����«�Q`?^M`� DQG�
,�M� ^�`��
7KXV��PRG�Ä$� ,�Q�?PRG�$��LQ�WKLV�FDVH��

,I�]» ���´ ���WKHQ�$M�]� 7QÊPRG�$� PRG�7Q� ,�Q���2Q�WKH�RWKHU�KDQG��
PRG�Ä$� PRG�)Q� ³ÊPRG�Ä$� ,�Q�?PRG�$���

)LQDOO\��LI�]» ���´ 
��WKHQ�PRG�$� PRG�$M�]�� ³��2Q�WKH�RWKHU�KDQG��

5H�]�ÃL» ���´� ±? ���DQG�,P�]�» ���´� �? ±���7KXV��
PRG�$M�5H�]�ÃL�� ,�¤,�¤«¤,Q�DQG�PRG�$M�,P�]��� ,

���¤,���¤«¤,�Q���ZKHUH��
  ,K ,

�K� ^���`�IRU�K»^����«�Q`?^M`�
  ,M ^�`�
  ,�M� ^�`�
7KHUHIRUH��
PRG�Ä$� PRG�$M�5H�]�ÃL�Æ$M�,P�]��� PRG�$M�5H�]�ÃL��µPRG�$M�,P�]��� ,�Q�Ê�
ÊPRG�Ä$� ,�Q�?PRG�$���
,Q�WKH�JHQHUDO�FDVH��ZH�KDYH��

=Äµ´=ÄÆÅ=Ä
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�� DQG� WKH�

SURRI�LV�FRPSOHWH��
�
:LWK� WKHVH� WKUHH� RSHUDWLRQV� DW� KDQG�� ZH� KDYH� GHILQHG� D� ORJLFDOO\� FRPSOHWH�

PDWUL[�VSDFH�RI�GLPHQVLRQ�Q��:H�DOVR�KDYH� WKH�RSHUDWLRQ�RI� UHYLVLRQ��DV�ZHOO�DV� WKH�
REYLRXV� UHVXOW� WKDW� DOO� WKH� DERYH� RSHUDWLRQV� �GLVMXQFWLRQ�� FRQMXQFWLRQ�� QHJDWLRQ��
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UHYLVLRQ�� JLYH� UHVXOWV� LQ� ���
¤Q� ZKHQ� DSSOLHG� WR�PDWULFHV� LQ� ���
¤Q�� 7KHUHIRUH�� RXU�
IUDPHZRUN�LV�FRPSOHWH��/HW�XV�QRZ�VHH�KRZ�ZH�FDQ�DSSO\�WKLV�IUDPHZRUN�WR�HPXODWH�
'DODO¶V�DOJRULWKP�XVLQJ�WKH�WDEOH�WUDQVIRUPDWLRQ��

����&RPSDULVRQ�ZLWK�'DODO¶V�$OJRULWKP�
,Q�WKLV�VHFWLRQ��ZH�ZLOO�WU\�WR�ILQG�WKH�UHTXLUHG�SDUDPHWHUV�IRU�WKH�HPXODWLRQ�RI�

'DODO¶V�DOJRULWKP��)RU�D�GHWDLOHG�GHVFULSWLRQ�RI�WKLV�DOJRULWKP��VHH�>����@��,Q�VKRUW��IRU�
D�.%�.�DQG�DQ�XSGDWH�8��WKH�XSGDWHG�EDVH�. 8�KDV�DV�LWV�PRGHOV�WKH�LQWHUSUHWDWLRQ�V��
RI�PRG�8��ZKLFK�DUH�FORVHVW�WR�WKH�LQWHUSUHWDWLRQV�RI�PRG�.���&ORVHQHVV�EHWZHHQ�WZR�
LQWHUSUHWDWLRQV�LV�GHILQHG�LQ�WHUPV�RI�WKH�QXPEHU�RI�DWRPV�LQ�ZKLFK�WKH�YDOXHV�RI�WKHVH�
WZR�LQWHUSUHWDWLRQV�GLIIHU��

,Q� DOO� RI� WKH� IROORZLQJ�� ZH� ZLOO� DVVXPH� WKDW� WKH� XQGHUO\LQJ� SURSRVLWLRQDO�
ODQJXDJH� LV� / ^ �� ��«� Q�Å�Æ�Ä�7�)����`� DQG� WKDW� WKH� RSHUDWLRQV� RI� GLVMXQFWLRQ��
FRQMXQFWLRQ� DQG� QHJDWLRQ� XSRQ�PDWULFHV� DUH� DV� GHILQHG� LQ� WKH� SUHYLRXV� VHFWLRQ��7KH�

XQGHUO\LQJ�PDWUL[�VSDFH�LV� ���
¤Q��$�PLQ�WHUP�LQ�SURSRVLWLRQDO�ORJLF�LV�D�SURSRVLWLRQ�
LQ�'1)��ZKLFK�LV�D�FRQMXQFWLRQ�RI�DWRPV�RU�WKHLU�QHJDWLRQ��6R��LI�S»/
�DQG�LW�LV�D�PLQ�
WHUP�� WKHQ� WKHUH� H[LVW� EM�� M ����«�P� VXFK� WKDW�� S E�ÅE�Å«ÅEP�� DQG� IRU� DOO�
M»^����«�P`��EM �RU�EM Ä �IRU�VRPH�DWRP� »/
��0RUHRYHU��IRU�DOO�M�N»^����«�P`��
M¨N� EM¨EN� DQG� EM¨ÄEN�� LH� WKHUH� LV� QR� SDLU� RI� EMV� WKDW� UHIHU� WR� WKH� VDPH� DWRP��:KHQ�
UHIHUULQJ� WR�D�PLQ�WHUP��ZH�ZLOO� LPSOLFLWO\�DVVXPH� WKDW� LW� LV� D� VDWLVILDEOH�SURSRVLWLRQ�
�QRW�HTXLYDOHQW�WR�WKH�FRQVWDQW�)����

�
/HPPD������

:H�GHILQH� WKH� IXQFWLRQ�5(�� � ��� VXFK� WKDW� IRU�DQ\�]» ��ZLWK�[ 5H�]���\ ,P�]���
ZH�KDYH��
5(��]� 5(��[�\L� �±PLQ^��_[_�_\_`��

0RUHRYHU��ZH�GHILQH�WKH�IXQFWLRQ�5(� 
¤Q� ���
¤Q��VXFK�WKDW�IRU�DQ\�PDWUL[�$ >]LM@���
5(�$� >5(��]LM�@���

7KHQ��5(�» 5(��DQG�5(» 5(��
3URRI�

/HW�]» ��VXFK�WKDW�5H�]� [��,P�]� \��

,W�LV�REYLRXV�WKDW�IRU�DOO�]» ����PLQ^��_[_�_\_`��Ê�

Ê���±PLQ^��_[_�_\_`��Ê5(��]���Ê5(��]�» ��IRU�DOO�]» ��
)XUWKHUPRUH��
5(��[�\L� �±PLQ^��_[_�_\_` �±PLQ^��_\_�_[_` 5(��\�[L��DQG�
5(��[�\L� �±PLQ^��_[_�_\_` �±PLQ^��_±[_�_±\_` 5(��±[±\L���

7KLV� PHDQV� WKDW� 5(�» 5(��� %\� WKLV� IDFW�� DQG� WKH� GHILQLWLRQ� RI� 5(�� LW� IROORZV� WKDW�

5(» 5(��DQG�WKH�SURRI�LV�FRPSOHWH��
�

/HPPD������

)RU�DOO�]» �����5H�]� [��,P�]� \��VXFK�WKDW�[���RU�\����LW�KROGV�WKDW���
5(��]� �±PLQ^[�\`��ZKHUH�5(��WKH�IXQFWLRQ�RI�WKH�DERYH�OHPPD��
3URRI�
,W� LV� REYLRXV� WKDW� _[_ [�� _\_ \� DQG� PLQ^��_[_�_\_` PLQ^��[�\` PLQ^[�\`�� 7KXV�� WKH�
OHPPD�KROGV��

�
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/HPPD������

:H�GHILQH�WKH�IXQFWLRQ�5/��
����¤Q� ���VXFK�WKDW�IRU�DQ\�[��[��«�[Q» �����

5/��[��[��«�[Q� [��[��«�[Q��

0RUHRYHU�� ZH� GHILQH� WKH� IXQFWLRQ�5/� ���
¤Q� ���
¤��� VXFK� WKDW� IRU� DQ\� N» 
� DQG�

$» ���N¤Q��ZLWK�$ $���_$���_«_$�N���$�M�» ����¤Q��M»^����«�N`��
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Q$5/

$5/

$5/

$5/ ��

7KHQ��5/�» 5/��DQG�5/» 5/��
3URRI�

)RU�DQ\�M�N»^����«�Q`��M�N�DQG�[��[��«�[Q» ����LW�KROGV�WULYLDOO\�WKDW��
5/��[��[��«�[M�«�[N�«�[Q� 5/��[��[��«�[N�«�[M�«�[Q���

0RUHRYHU�� LW� LV� REYLRXV� WKDW� IRU� DQ\� [�\�[��«�[Q» ����� VXFK� WKDW� \�[�� LW� KROGV� WKDW�
5/��\�[��«�[Q��5/��[�[��«�[Q���

7KHUHIRUH�5/�» 5/���%\�WKLV�IDFW��DQG�WKH�GHILQLWLRQ�RI�5/��LW�IROORZV�WKDW�5/» 5/��
DQG�WKH�SURRI�LV�FRPSOHWH��
�
/HPPD������

/HW�/6� ���
¤��3� 
��EH�WKH�IXQFWLRQ�VXFK�WKDW�IRU�DQ\�N» 
��$» ���N¤��VXFK�WKDW��
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ZH�KDYH�WKDW��

/6�$� ^P»^����«�N`�"M»^����«�N`�[P�[M`��7KHQ�/6» /6��
3URRI�

2EYLRXV�E\�WKH�GHILQLWLRQ�RI� /6��
�

/HPPD������
/HW� *� EH� WKH� WUDQVIRUPDWLRQ� GHILQHG� LQ� 'DODO¶V� SDSHUV� �>��� �@��� 7KHQ� IRU� DOO�

SURSRVLWLRQV�S�T»/
�DQG�DOO�N» 
�WKH�IROORZLQJ�HTXDWLRQ�KROGV��
*N�SÆT�@*N�S�Æ*N�T���
3URRI�
)RU�N ���*��S� S�IRU�DOO�S»/
��VR�WKH�HTXDWLRQ�WULYLDOO\�KROGV��
)RU�N ���E\�WKH�GHILQLWLRQ�RI�*�LQ�>�@��ZH�KDYH�WKDW��
PRG�*��SÆT�� PRG�*�SÆT�� J�PRG�SÆT�� J�PRG�S�µPRG�T�� �

=µ=µ==
»»µ»

���PRG����PRG�����������
�PRG��PRG��PRG��PRG�

TJSJ,J,J,J
T,S,TS,

UUU �

 PRG�*�S��µPRG�*�T�� PRG�*�S�Æ*�T�� PRG�*��S�Æ*��T����ZKLFK�PHDQV�WKDW�
*��SÆT�@*��S�Æ*��T���
/HW�XV�VXSSRVH�WKDW�WKH�HTXDWLRQ�KROGV�IRU�DOO�N ������«�P��$OO�ZH�KDYH�WR�GR�LV�SURYH�
LW�IRU�N P����
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,QGHHG��
*P���SÆT�@*P�*�SÆT��@*P�*�S�Æ*�T��@*P�*�S��Æ*P�*�T��@*P���S�Æ*P���T���DQG�
WKH�SURRI�LV�FRPSOHWH��
�
/HPPD������
/HW� S»/
�� VXFK� WKDW� S� LV� D�PLQ�WHUP��7KHQ�� WKHUH� H[LVW� XQLTXH� 3��3��3±º^����«�Q`��
VXFK�WKDW�3�´3± ³��3�´3� ³��3±´3� ³��3�µ3�µ3± ^����«�Q`�DQG��

ÑÑ
-+

»»

+=
3M

M

3M

M L$$S77 ���� ��

3URRI�
*LYHQ�WKDW�S�LV�D�PLQ�WHUP��WKHUH�H[LVWV�D�VHW�6º^����«�Q`�VXFK�WKDW��
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Å= ��ZKHUH�EM M�RU�EM Ä M�IRU�DOO�M»6��

:H�VHOHFW���
3� ^M»6�EM M`��3

± ^M»6�EM Ä M`��3
� ^����«�Q`?�3�µ3±���

,W�IROORZV�WKDW���
3��3��3±º^����«�Q`��3�´3± ³��3�´3� ³��3±´3� ³��3�µ3�µ3± ^����«�Q`��
0RUHRYHU��3�µ3± 6��
)LQDOO\��E\�WKH�GHILQLWLRQ�RI�77�DQG�WKH�RSHUDWRU�Å��LI�IROORZV�WKDW��
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1RZ�� OHW� XV� VXSSRVH� WKDW� WKHUH� LV� D� GLIIHUHQW� WULSOH� RI� VHWV�4��4±�4��ZLWK� WKH� DERYH�
SURSHUWLHV��7KHQ�ZH�KDYH�WKDW��
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%\�WKH�GHILQLWLRQ�RI�WKH�$M�]���ZH�KDYH�WKDW�IRU�DQ\�M»^����«�Q`��WKH�DERYH�HTXDWLRQ�
ZLOO�JLYH��
  M»3�ÇM»4��DQG�
  M»3±ÇM»4±��
ZKLFK�DFWXDOO\�PHDQV�WKDW�3� 4��DQG�3± 4±��*LYHQ�WKH�SURSHUWLHV�RI�WKH�VHWV��ZH�KDYH�
WKDW�3� 4��DV�ZHOO��VR�WKH�DERYH�VHWV�DUH�XQLTXH��
�

7KH�DERYH�OHPPD�DFWXDOO\�VD\V�WKDW�WKHUH�LV�D�GLUHFW�FRUUHVSRQGHQFH�EHWZHHQ�D�

PLQ�WHUP�S»/
��D�PDWUL[�3» ����¤Q�DQG�WKUHH�VHWV�3��3±�3��ZLWK�WKH�DERYH�SURSHUWLHV��
7KLV�PHDQV�WKDW�DOO�WKUHH�RI�WKH�DERYH�VWUXFWXUHV�FDQ�EH�GHILQHG�LQ�WHUPV�RI�HDFK�RWKHU��
:H�ZLOO�KHDYLO\�XVH�WKLV�SURSHUW\�LQ�WKH�IROORZLQJ�OHPPDV��

�
/HPPD������
/HW�S�T»/
��EH�WZR�PLQ�WHUPV�DQG�3��3��3±�4��4��4±��VHWV�RI�LQWHJHUV�VXFK�WKDW��
3��3��3±º^����«�Q`��3�´3± ³��3�´3� ³��3±´3� ³��3�µ3�µ3± ^����«�Q`���
4��4��4±º^����«�Q`�� 4�´4± ³�� 4�´4� ³�� 4±´4� ³�� 4�µ4�µ4± ^����«�Q`�
DQG� ���� S77L$$3
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0RUHRYHU��ZH�GHILQH�WKH�VHW�RI�DWRPV��6 ^ M_M»�3�´4±�µ�3±´4��`��

7KHQ�WKH�OHDVW�N» �IRU�ZKLFK�PRG�*N�S�ÅT�¨³�LV�N _6_��
0RUHRYHU��PRG�UHV6�S�ÅT�¨³�DQG�6�LV�WKH�RQO\�VHW�RI�VL]H�N�ZLWK�WKLV�SURSHUW\��
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)LQDOO\��PRG�*N�S�ÅT� .�¤.�¤«¤.Q�ZKHUH�IRU�DOO�M»^����«�Q`��
  .M ^�`��LII�M»4�µ�4�´3���
  .M ^�`��LII�M»4±µ�4�´3±��
  .M ^���`��LII�M»4�´3��
3URRI�
/HW�XV�VXSSRVH�WKDW�WKHUH�LV�N�_6_�Q�VXFK�WKDW�PRG�*N�S�ÅT�¨³��
%\� WKH� GHILQLWLRQ� RI� VHWV� 3��3±� �OHPPD� ������� DQG� E\� 'DODO¶V� 7KHRUHP� ���� �>�@�� LW�
IROORZV�WKDW�IRU�WKLV�N��
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TSUHV
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6R��WKHUH�LV�DW�OHDVW�RQH�VHW�8��ZLWK�_8_�_6_��VXFK�WKDW�PRG�UHV8�S�ÅT�¨³��
+RZHYHU��IRU�DQ\�VXFK�VHW��WKHUH�H[LVWV�DQ�DWRP� M»6�VXFK�WKDW� M¼8��
$W�ILUVW��OHW�XV�VXSSRVH�WKDW�M»3�´4±��7KHQ��WKH�DWRP� M�DSSHDUV�DV�D�SRVLWLYH�DWRP�LQ�
S�DQG�DV�D�QHJDWLYH�DWRP�LQ�T��OHPPD��������0RUHRYHU��E\�WKHRUHP������>�@���LW�IROORZV�
WKDW�WKH�PRGHOV�RI�UHV8�S��GLIIHU�IURP�WKH�PRGHOV�RI�S�LQ�WKH�WUXWK�YDOXHV�RI�WKH�DWRPV�
LQ�8��DW�PRVW��7KHUHIRUH��IRU�DOO�LQWHUSUHWDWLRQV�, �E��E��«�EQ�»PRG�UHV8�S����LW�PXVW�
KROG�WKDW�EM ���EHFDXVH� M�DSSHDUV�DV�D�SRVLWLYH�DWRP�LQ�S�� M»3���DQG� M¼8��2Q�WKH�
RWKHU�KDQG��IRU�DOO�LQWHUSUHWDWLRQV�,¦ �F��F��«�FQ�»PRG�T���LW�PXVW�KROG�WKDW�FM ���DV� M�
DSSHDUV�DV�D�QHJDWLYH�DWRP�LQ�T�� M»4±���6R��WKHUH�LV�QR�LQWHUSUHWDWLRQ�,»PRG�UHV8�S���
VXFK� WKDW� ,»PRG�T��� WKXV� PRG�UHV8�S�ÅT� ³�� FRQWUDGLFWLRQ�� 7KHUHIRUH�� IRU� DOO�
M»3�´4±�ZH�PXVW�KDYH� M»8��
,Q�D�VLPLODU�IDVKLRQ��ZH�FDQ�SURYH�WKDW�IRU�DOO�M»3±´4��ZH�PXVW�KDYH� M»8��
&RPELQLQJ� WKH� DERYH�� ZH� KDYH� WKDW� M»6Ê M»8�� VR� IRU� DQ\� 8� VXFK� WKDW�
PRG�UHV8�S�ÅT�¨³�LW�PXVW�KROG�WKDW�8·6�DQG��FRQVHTXHQWO\��_8_�_6_��7KLV�PHDQV�WKDW�

IRU�DOO�N» �IRU�ZKLFK�PRG�*N�S�ÅT�¨³�LW�KROGV�WKDW��N�_6_��
:H�ZLOO�QRZ�SURYH�WKDW�PRG�UHV6�S�ÅT�¨³��
,W�LV�NQRZQ�WKDW�PRG�S� ,�¤,�¤«¤,Q��ZKHUH�IRU�DOO�M»^����«�Q`��
  ,M ^�`�LII� M�DSSHDUV�DV�D�QHJDWLYH�DWRP�LQ�S��LH�LII�M»3±�
  ,M ^�`�LII� M�DSSHDUV�DV�D�SRVLWLYH�DWRP�LQ�S��LH�LII�M»3��
  ,M ^���`�LII� M�GRHV�QRW�DSSHDU�LQ�S��LH�LII�M»3��
0RUHRYHU�� PRG�UHV6�S��� FRQWDLQV� DOO� WKH� LQWHUSUHWDWLRQV� RI� PRG�S�� SOXV� DOO� WKH�
LQWHUSUHWDWLRQV�RI� ,�Q��ZKLFK�GLIIHU� IURP�VRPH� LQWHUSUHWDWLRQ�RI�PRG�S�� LQ� WKH� WUXWK�
YDOXH�V��RI�RQH�RU�PRUH�DWRP�V��IURP�6��
7KHUHIRUH�PRG�UHV6�S�� -�¤-�¤«¤-Q��ZKHUH�IRU�DOO�M»^����«�Q`��
  -M ^���`�LII�M»�3�´4±�µ�3±´4��Ç M»6�
  -M ,M�LII�M¼�3�´4±�µ�3±´4��Ç M¼6�
6LPLODUO\��PRG�T� /�¤/�¤«¤/Q��ZKHUH��
  /M ^�`�LII� M�DSSHDUV�DV�D�QHJDWLYH�DWRP�LQ�T��LH�LII�M»4±�
  /M ^�`�LII� M�DSSHDUV�DV�D�SRVLWLYH�DWRP�LQ�T��LH�LII�M»4��
  /M ^���`�LII� M�GRHV�QRW�DSSHDU�LQ�T��LH�LII�M»4��
,W�IROORZV�WKDW��PRG�UHV6�S�ÅT� PRG�UHV6�S��´PRG�T� �
 �-�¤-�¤«¤-Q�´�/�¤/�¤«¤/Q� �-�´/��¤�-�´/��¤«¤�-Q´/Q���
:H�VHW�.M -M´/M��IRU�DOO�M»^����«�Q`��7KHQ��IRU�DOO�M»^����«�Q`�ZH�KDYH��
  LI�M»4���WKHQ�/M ^�`�DQG��

R� LI�M»3���WKHQ�-M ^�`Ê.M -M´/M ^�`��
R� LI�M»3±��WKHQ�-M ^���`Ê.M -M´/M ^�`��
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R� LI�M»3���WKHQ�-M ^���`Ê.M -M´/M ^�`��
  LI�M»4±��WKHQ�/M ^�`�DQG��

R� LI�M»3���WKHQ�-M ^���`Ê.M -M´/M ^�`��
R� LI�M»3±��WKHQ�-M ^�`Ê.M -M´/M ^�`��
R� LI�M»3���WKHQ�-M ^���`Ê.M -M´/M ^�`��

  LI�M»4���WKHQ�/M ^���`�DQG��
R� LI�M»3���WKHQ�-M ^�`Ê.M -M´/M ^�`��
R� LI�M»3±��WKHQ�-M ^�`Ê.M -M´/M ^�`��
R� LI�M»3���WKHQ�-M ^���`Ê.M -M´/M ^���`��

%\�VXPPDUL]LQJ�WKH�DERYH���FDVHV��DQG�IRU�DOO�M»^����«�Q`��ZH�KDYH�WKDW���
  .M ^�`��LII�M»4�µ�4�´3���
  .M ^�`��LII�M»4±µ�4�´3±��
  .M ^���`��LII�M»4�´3��
7KXV��PRG�UHV6�S�ÅT� .�¤.�¤«¤.Q¨³���

,Q� FRQMXQFWLRQ�ZLWK� WKH� IDFW� WKDW� WKH� OHDVW�N» � IRU�ZKLFK�PRG�*N�S�ÅT�¨³�KDV� WKH�
SURSHUW\�N�_6_��WKH�DERYH�HTXDWLRQ�JLYHV�WKDW�IRU�WKLV�N�LW�KROGV�WKDW��N _6_��0RUHRYHU��
VLQFH�IRU�DQ\�VHW�8�RI�DWRPV�VXFK�WKDW�PRG�UHV8�S�ÅT�¨³�LW�PXVW�KROG�WKDW�8·6��DQG�
JLYHQ�WKDW�PRG�UHV6�S�ÅT�¨³��ZH�KDYH�DV�D�FRQVHTXHQFH�WKDW�WKH�RQO\�VHW�8�RI�DWRPV�
RI�VL]H�N _6_�ZLWK�WKH�SURSHUW\�WKDW�PRG�UHV8�S�ÅT�¨³�LV�6��
)LQDOO\��E\�WKH�DERYH�UHVXOWV�DQG�WKH�HTXDWLRQ��
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PRG�*N�S�ÅT� PRG�UHV6�S�ÅT� .�¤.�¤«¤.Q�� ZKHUH� .M� DV� DERYH�� DQG� WKLV�
FRPSOHWHV�WKH�SURRI��
�
/HPPD������
/HW�3��3��3±�4��4��4±��VHWV�RI�LQWHJHUV�VXFK�WKDW��
3��3��3±º^����«�Q`��3�´3± ³��3�´3� ³��3±´3� ³��3�µ3�µ3± ^����«�Q`�DQG��
4��4��4±º^����«�Q`��4�´4± ³��4�´4� ³��4±´4� ³��4�µ4�µ4± ^����«�Q`��

/HW�3�4» ����¤Q��VXFK�WKDW���
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M L$$4 �DQG�5 3 4» ����¤Q��

0RUHRYHU��OHW�WKH�5(�DQG�5/�IXQFWLRQV�EH�DV�GHILQHG�DERYH��
7KHQ�5/�5(�5�� >N@�ZKHUH�N Q±_�3�´4±�µ�3±´4��_��
3URRI�
,W�LV�REYLRXV�IURP�WKH�GHILQLWLRQ�RI�3��3±�3��DQG�3�WKDW�WKH�HOHPHQWV�RI�3�DUH�IURP�WKH�
VHW��^����L`�DQG�WKDW�WKH�HOHPHQW�RI�WKH�M�WK�FROXPQ�SM�LV�HTXDO�WR��
  ��LII�M»3��
  ��LII�M»3��
  L�LII�M»3±�
6LPLODUO\�� WKH� HOHPHQWV� RI�4� DUH� IURP� WKH� VHW�� ^�����L`� DQG� WKH� HOHPHQW� RI� WKH� M�WK�
FROXPQ�TM�LV�HTXDO�WR��
  ��LII�M»4��
  ��LII�M»4��
  �L�LII�M»4±�
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%\�WKH�GHILQLWLRQ�RI�UHYLVLRQ��ZH�KDYH�WKDW��5 3 4 3�4��WKXV�WKH�HOHPHQWV�RI�5�DUH�
WDNHQ�IURP�WKH�VHW��
6 ^�����L��������L�L���L��L`��
/HW�5 >U��U��«�UQ@ >S��T��S��T��«�SQ�TQ@��

%\�WKH�GHILQLWLRQ�RI�5/�5(��ZH�KDYH�WKDW�5/�5(�5�� >N@�IRU�VRPH�N» �����

)RU�DOO�M»^����«�Q`��ZH�KDYH�WKDW�UM»6��WKXV�UM» �����DQG�5H�UM����RU�,P�UM�����HDVLO\�
YHULILHG���7KXV�E\�OHPPD�������IRU�WKH�RQO\�OLQH�RI�5��ZH�KDYH�WKDW���
N 5/��5(��U���5(��U���«�5(��UQ�� �
 �±PLQ^5H�U���,P�U��`��±PLQ^5H�U���,P�U��`�«��±PLQ^5H�UQ��,P�UQ�` �
 Q±�PLQ^5H�U���,P�U��`�PLQ^5H�U���,P�U��`�«�PLQ^5H�UQ��,P�UQ�`�������
%\�ORRNLQJ�DW�WKH�VHW�6��ZH�FDQ�HDVLO\�GHGXFW�WKDW�IRU�HDFK�M»^����«�Q`�ZH�KDYH�WKDW���
PLQ^5H�UM��,P�UM�` ��LII�UM ���L�RU�UM ��L�DQG�
PLQ^5H�UM��,P�UM�` ��RWKHUZLVH��
(TXLYDOHQWO\��
PLQ^5H�UM��,P�UM�` ��LII�SM ���TM �L�RU�SM L��TM ��ZKLFK�LV�WUXH�LII��
M»3��DQG�M»4±�RU�M»3±�DQG�M»4�ÇM»�3�´4±�µ�3±´4����
7KXV��
PLQ^5H�U���,P�U��`�PLQ^5H�U���,P�U��`�«�PLQ^5H�UQ��,P�UQ�` _�3

�´4±�µ�3±´4��_��
$SSO\LQJ�WKH�DERYH�UHVXOW�WR�����ZH�JHW��
N Q±_�3�´4±�µ�3±´4��_��DQG�WKH�SURRI�LV�FRPSOHWH��
�

7KH�IROORZLQJ�SURSRVLWLRQ�RIIHUV�D�ZD\�WR�HPXODWH�'DODO¶V�DOJRULWKP�XQGHU�RXU�
IUDPHZRUN��7KH�(OHPHQW�5HOLDELOLW\� IXQFWLRQ�XVHG� LV�GLIIHUHQW� IURP� WKH�RQH�XVHG� LQ�
>�@�IRU�WKH�UHVSHFWLYH�SURSRVLWLRQ��EXW�OHPPD������LPSOLHV�WKDW�WKH�VHOHFWLRQ�RI�WKH�5)�
IDFWRUV�PDNHV�WKH�GLIIHUHQFH�XQLPSRUWDQW��6SHFLILFDOO\��
3URSRVLWLRQ������
/HW� S�T»/
� EH� WZR� VDWLVILDEOH� SURSRVLWLRQDO� H[SUHVVLRQV� LQ� '1)� DQG� OHW� U� EH� WKH�

UHYLVLRQ� RI� S�ZLWK� T� XQGHU�'DODO¶V� DOJRULWKP� �U S 'T���0RUHRYHU�� OHW� 3» ���
¤Q� WKH�
PDWUL[� UHODWHG� WR� S� YLD� WKH�77� IXQFWLRQ�� XVLQJ� DQ�5)�RI� �� IRU� DOO� DWRPV� �3 77�S����

4» ���
¤Q�WKH�PDWUL[�UHODWHG�WR�T�YLD�WKH�77�IXQFWLRQ��XVLQJ�DQ�5)�RI���IRU�DOO�DWRPV�

�4 �Ã77�T���DQG�5» ���
¤Q�WKH�PDWUL[�UHVXOWLQJ�E\�WKH�XSGDWH�RI�3�ZLWK�4�XQGHU�RXU�
IUDPHZRUN��5 3 4���)LQDOO\��ZH�GHILQH�WKH�IXQFWLRQV�5(��5/�DQG�/6�DV�LQ�WKH�DERYH�
OHPPDV����������������������
8QGHU�WKHVH�SDUDPHWHUV��WKH�UHVXOWLQJ�SURSRVLWLRQDO�H[SUHVVLRQ��WR�EH�XVHG�LQ�TXHULHV��
LV�ORJLFDOO\�HTXLYDOHQW�WR�WKH�H[SUHVVLRQ�U�DV�GHILQHG�DERYH��WKDW�LV��47�5�@U��
3URRI�

$W�ILUVW��ZH�ZLOO�DVVXPH�WKDW�ERWK�S�DQG�T�DUH�PLQ�WHUPV��7KHQ�3�4�5» ����¤Q��
:H�DOVR�DVVXPH�WKH�VHWV�3��3±�3��4��4±�4��DV�XVXDO��
/HW�6 �3�´4±�µ�3±´4����

%\�OHPPD�������WKH�OHDVW�N» 
�IRU�ZKLFK�PRG�*N�S�ÅT�¨³�LV�N _6_�DQG�WKDW�IRU�WKLV�N�
LW�KROGV�WKDW��
PRG�*N�S�ÅT� ,�¤,�¤«¤,Q�ZKHUH�IRU�DOO�M»^����«�Q`��
  ,M ^�`��LII�M»4�µ�4�´3���
  ,M ^�`��LII�M»4±µ�4�´3±��
  ,M ^���`��LII�M»4�´3��
7KHUHIRUH��E\�WKH�GHILQLWLRQ�RI�WKH�RSHUDWRU� '��LW�IROORZV�WKDW��
PRG�U� ,�¤,�¤«¤,Q��ZKHUH�,M��M»^��������Q`�DV�DERYH��
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5HWXUQLQJ�WR�RXU�PHWKRG��ZH�KDYH�WKDW�5» ����¤Q��VR�% 5/�5(�5��» ����¤���
7KHUHIRUH��³¹/6�%�º^�`Ê/6�%� ^�`��
6R��06�5�/6�%�� 06�5�^�`� 5���
/HW�3 >SM@��4 >TM@��M ����«�Q���
7KHQ��5 >UM@ >SM�TM@��
0RUHRYHU�01�5� & >FM@��VXFK�WKDW�FM 5H�UM�±,P�UM���
)RU�DOO�M»^����«�Q`�WKHUH�H[LVW�WKH�IROORZLQJ�SRVVLELOLWLHV��
  LI�M»4���WKHQ�TM ��DQG��

R� LI�M»3���WKHQ�SM �ÊUM �ÊFM ���
R� LI�M»3±��WKHQ�SM LÊUM ��LÊFM ���
R� LI�M»3���WKHQ�SM �ÊUM �ÊFM ���

  LI�M»4±��WKHQ�TM �L�DQG��
R� LI�M»3���WKHQ�SM �ÊUM ���LÊFM ±���
R� LI�M»3±��WKHQ�SM LÊUM �LÊFM ±���
R� LI�M»3���WKHQ�SM �ÊUM �LÊFM ±���

  LI�M»4���WKHQ�TM ��DQG��
R� LI�M»3���WKHQ�SM �ÊUM �ÊFM ���
R� LI�M»3±��WKHQ�SM LÊUM LÊFM ±���
R� LI�M»3���WKHQ�SM �ÊUM �ÊFM ���

,Q�VKRUW��
  FM!��LII�M»4�µ�4�´3���
  FM���LII�M»4±µ�4�´3±��
  FM ��LII�M»4�´3��
7KXV��PRG�&� -�¤-�¤«¤-Q��ZKHUH�IRU�DOO�M»^����«�Q`��
  -M ^�`�LII�FM �ÇM»4�µ�4�´3���
  -M ^�`�LII�FM LÇM»4±µ�4�´3±��
  -M ^���`�LII�FM �ÇM»4�´3��
%\�FRPSDULQJ�-M�DQG�,M��LW�IROORZV�WKDW�PRG�U� PRG�&���
+RZHYHU��PRG�47�5�� PRG�77,�&�� PRG�&� PRG�U�Ê47�5�@U��
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RI�O�PLQ�WHUPV��ZH�KDYH�WKDW��
S S�ÆS�Æ«ÆSP�� T T�ÆT�Æ«ÆTO�� ZKHUH� HDFK� SM�� M»^����«�P`� DQG� HDFK� TM��
M»^����«�O`�DUH�PLQ�WHUPV��
/HW�N�EH�WKH�PLQLPXP�LQWHJHU�IRU�ZKLFK�PRG�*N�S�ÅT�¨³��
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,Q� WKH� DERYH� UHODWLRQ��ZH� QRWLFH� WKDW� DOO� SL� DQG� TM� DUH�PLQ�WHUPV�� )RU� HDFK� DUELWUDU\�
VHOHFWLRQ� RI� L»^����«�P`�M»^����«�O`��ZH� FDQ� GHILQH� WKH� VHWV� 3��3±�3��4��4±�4�� DV�
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���PRG� �� ZKLFK� PHDQV� WKDW� PRG�*W�S�ÅT�¨³� IRU� VRPH� W�N��

ZKLFK�LV�D�FRQWUDGLFWLRQ�E\�GHILQLWLRQ�RI�N��
  W!N�� ,Q� WKLV� FDVH�� E\� OHPPD� ������ W� LV� WKH� OHDVW� LQWHJHU� IRU� ZKLFK� WKH� UHODWLRQ�

PRG�*W�SL�ÅTM�¨³�KROGV��DQG�VLQFH�W!N�ZH�KDYH�WKDW�PRG�*N�SL�ÅTM� ³��
  W N��,Q�WKLV�FDVH��E\�OHPPD������DJDLQ��PRG�*N�SL�ÅTM� ,�¤,�¤«¤,Q�ZKHUH�IRU�DOO�

G»^����«�Q`��
R� ,G ^�`��LII�G»4�µ�4�´3���
R� ,G ^�`��LII�G»4±µ�4�´3±��
R� ,G ^���`��LII�G»4�´3��

:H�ZLOO�FDOO�7�WKH�VHW�RI��L�M��SDLUV�IRU�ZKLFK�WKH�HTXDWLRQ�W N�KROGV��7KHUH�H[LVWV�DW�
OHDVW� RQH� VXFK� SDLU�� EHFDXVH� LI� LW� GLGQ¶W� H[LVW� WKHQ� ZH� ZRXOG� KDYH� WKDW��
PRG�*N�S�ÅT� ³��ZKLFK�LV�D�FRQWUDGLFWLRQ�E\�WKH�GHILQLWLRQ�RI�N��WKHUHIRUH�7¨³��
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WKH�VHW�7�FRQWDLQV�WKH��L�M��SDLUV�IRU�ZKLFK�WLM N��ZH�FDQ�GHGXFW�WKDW��
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2Q�WKH�RWKHU�KDQG��LW�LV�REYLRXV�WKDW��
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%\� WKLV� UHODWLRQ�ZH� FDQ� GHGXFW� WKDW� 5/�5(�5��» ���PÃO¤��� DQG� HDFK� HOHPHQW� RI� WKLV�
PDWUL[�FDQ�EH�FRPSXWHG�XVLQJ�OHPPD��������
/HW�XV�DUELWUDULO\�VHOHFW�D�G�»^����«�PÃO`��:H�DOVR�VHOHFW���
L� ��G�±���GLY�P����DQG�M� ��G�±���PRG�P���������



� �������

,W� LV� WULYLDO� WR�YHULI\�XVLQJ�UHODWLRQ����� WKDW� OLQH�G��RI�PDWUL[�5��GHQRWHG�E\�
��

�
G5 �� LV�

HTXDO�WR��
�����

��

�
��

ML

G T77S775 Ã+= ��

0RUHRYHU�� E\� OHPPD� ������ 5/�5(� ��
�

G5 �� >Q±
�� ML

W @�� ZKHUH� WKH� WLM� DUH� DV� GHILQHG�

DERYH��
7KXV��

@>_���� ����
�

GMGL

OP

G

WQ55(5/ -=
Ã

=

��ZKHUH�L�G��M�G��WKH�LQGH[HV�UHODWHG�WR�G��DV�VSHFLILHG�E\�

UHODWLRQV������/HW�%¦ 5/�5(�5����
%\�WKH�GHILQLWLRQ�RI�/6�LW�IROORZV�WKDW��
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%\�FRPSDULQJ�WKH�VHW�7�DERYH��
7 ^�L�M�_L»^����«�P`�M»^����«�O`�WLM�WL¦M¦��IRU�DOO�L¦»^����«�P`�M¦»^����«�O``��
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/HW�XV�DUELWUDULO\�VHOHFW�D�SDLU��L�M�»7��DQG�OHW�$3 77�SL���$4 �Ã77�TM���
%RWK�SL�DQG�TM�DUH�PLQ�WHUPV��DQG�OHW�V SL 'TM��7KHQ��

PRG�V� PRG�*N¦�SL�ÅTM��� IRU� WKH� OHDVW� N¦» 
� IRU� ZKLFK� PRG�*N¦�SL�ÅTM�¨³�� %\� WKH�
GHILQLWLRQ�RI�7��LW�IROORZV�WKDW�N¦ WLM N��

*LYHQ�WKDW�$3�$4» ����¤Q��ZH�KDYH�WKDW��47�$3 $4� 77,�01�$3 $4����
0RUHRYHU��WKH�SURSRVLWLRQ�KDV�DOUHDG\�EHHQ�SURYHQ�IRU�PLQ�WHUPV��VR��
PRG�V� PRG�47�$3 $4�� PRG�77,�01�$3 $4��� PRG�01�77�SL���Ã77�TM���Ê�

ÊPRG�*N�SL�ÅTM� PRG�01�77�SL���Ã77�TM�����
7KH�DERYH�HTXDWLRQ�KROGV�IRU�DOO��L�M�»7��WKXV��
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7KHUHIRUH��U@47�5���DQG�WKH�SURRI�LV�FRPSOHWH��
�

5HJDUGLQJ�WKH�DERYH�SURSRVLWLRQ��VRPH�FRPPHQWV�DUH�LQ�RUGHU��)LUVW�RI�DOO��LW�
PXVW� EH� VWUHVVHG� WKDW� 'DODO¶V� DOJRULWKP� LV� EDVHG� RQ� GLIIHUHQW� VHPDQWLFV�� WKHUHIRUH�
HPXODWLRQ�FDQQRW�EH�SHUIHFW��,Q�HIIHFW��WKH�DERYH�SURSRVLWLRQ�RIIHUV�D�ZD\�WR�LQWHUSUHW�
LQ�ORJLFDO� WHUPV��ORJLFDO�H[SUHVVLRQV�� WKH�UHVXOW�RI� WKH�XSGDWH�XQGHU�RXU�VHPDQWLFV� LQ�
RUGHU� WR� EH� HTXLYDOHQW� ZLWK� WKH� UHVXOW� RI� WKH� VDPH� XSGDWH� XQGHU� 'DODO¶V� DOJRULWKP��
'DODO¶V�DOJRULWKP�GRHV�QRW� WDNH� LQWR�DFFRXQW� LWHUDWHG�UHYLVLRQV�DQG�QHLWKHU�GR�ZH�� ,I�
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ZH�SHUIRUP�D�VHFRQG�UHYLVLRQ�RQ�WKH�UHVXOWLQJ�PDWUL[��WKH�UHVXOW�PD\�QR�ORQJHU�EH�WKH�
VDPH�DV�'DODO¶V��,Q�RUGHU�WR�GHDO�ZLWK�LWHUDWHG�UHYLVLRQV�ZH�KDYH�WR�UHDGMXVW�WKH�PDWUL[�
UHSUHVHQWLQJ� WKH� .%� EHIRUH� HDFK� QHZ� UHYLVLRQ�� 7KH� PHWKRG� GRHV� QRW� KROG� IRU�
SURSRVLWLRQV� QRW� LQ� '1)�� RU� IRU� XQVDWLVILDEOH� SURSRVLWLRQV�� DW� OHDVW� XQGHU� WKHVH�
SDUDPHWHUV�� 7KH� UHYHODWLRQ� RI� SDUDPHWHUV� XQGHU� ZKLFK� WKH� HPXODWLRQ� FRYHUV� WKRVH�
FDVHV�LV�DQ�RQJRLQJ�ZRUN��

����&RQFOXVLRQV�DQG�)XWXUH�:RUN�
,Q�WKLV�UHSRUW��ZH�SUHVHQWHG�D�QRYHO�UHSUHVHQWDWLRQ�RI�SURSRVLWLRQDO�H[SUHVVLRQV�

DQG� LWV� WKHRUHWLFDO� IRXQGDWLRQ�� :H� VXFFHVVIXOO\� DSSOLHG� WKLV� UHSUHVHQWDWLRQ� WR� WKH�
SUREOHP� RI� EHOLHI� UHYLVLRQ�� 7KH� LQWURGXFWLRQ� RI� WKH� 5HOLDELOLW\� )DFWRU� �5)�� DQG� WKH�
TXDQWLWDWLYH�QDWXUH�RI�WKH�WDEOH�UHSUHVHQWDWLRQ�LQWURGXFH�DQ�LQFUHDVHG�H[SUHVVLYHQHVV�LQ�
SURSRVLWLRQDO� ORJLF�� DOORZLQJ� WKH� XVH� RI� IHDWXUHV� QRW� QRUPDOO\� DYDLODEOH�� 7KLV� FRXOG�
SRVVLEO\� VSHHG� XS� H[LVWLQJ� DOJRULWKPV� RU� SURYLGH� VROXWLRQV� WR� H[LVWLQJ� SUREOHPV� LQ�
SURSRVLWLRQDO� ORJLF�RU� LWV�DSSOLFDWLRQV��:H�EHOLHYH�WKDW�PXFK�PRUH�ZRUN�QHHGV�WR�EH�
GRQH�LQ�RUGHU�WR�IXOO\�H[SORLW�LWV�FDSDELOLWLHV���

5HJDUGLQJ� EHOLHI� UHYLVLRQ�� ZH� SURYLGHG� D� IUDPHZRUN� IRU� DGGUHVVLQJ� WKH�
SUREOHP� EDVHG� RQ� WKH� WDEOH� WUDQVIRUPDWLRQ�� 7KH� RSHUDWLRQV� RI� FRQWUDFWLRQ� �>��� ��@���
XSGDWH�DQG�HUDVXUH��>��@��DUH�LQFOXGHG�LQ�RXU�PRGHO�LQ�D�YHU\�GLUHFW�PDQQHU��ZLWKRXW�
WKH�QHHG�RI�DGGLWLRQDO�RSHUDWRUV��7KH�UHVXOW�RI�WKH�UHYLVLRQ�LV�D�PDWUL[�DQG�QRW�D�ORJLFDO�
SURSRVLWLRQ��WKLV�IDFW�RSHQV�XS�LQWHUHVWLQJ�SRVVLELOLWLHV�UHJDUGLQJ�WKH�LQWHUSUHWDWLRQ�RI�
WKH� UHVXOW�� 'HVSLWH� WKH� IDFW� WKDW� UHYLVLRQ� LV� SHUIRUPHG� LQ� D� FOHDUO\� GHILQHG�ZD\�� WKH�
UHVXOW¶V� LQWHUSUHWDWLRQ� FDQ� EH� KHDYLO\� SDUDPHWHUL]HG�� LQ� HIIHFW� SURYLGLQJ� D� GLIIHUHQW�
UHYLVLRQ�DOJRULWKP�SHU�SDUDPHWHU�VHOHFWLRQ��7KLV�DOORZV�WKH�GHILQLWLRQ�RI�D�ZKROH�FODVV�
RI�DOJRULWKPV��ZKRVH�RSWLPXP�PHPEHU�V��PD\�EH�DSSOLFDWLRQ�GHSHQGHQW��3HUIRUPLQJ�
VRPH�WHVWV�ZLWK�GLIIHUHQW�SDUDPHWHUV�LV�DQ�LQWHUHVWLQJ�DUHD�IRU�IXWXUH�ZRUN��

6RPH�WKHRUHWLFDO�ZRUN�RQ�WKHVH�SDUDPHWHUV�PD\�DOVR�EH�LQ�OLQH��)RU�H[DPSOH��
WKH�VHDUFK�IRU�WKH�JHQHUDO�FRQGLWLRQV��SDUDPHWHUV��XQGHU�ZKLFK�WKH�DOJRULWKP�VDWLVILHV�
WKH� $*0� SRVWXODWHV� LV� DQ� RQJRLQJ� HIIRUW�� DV� ZHOO� DV� WKH� VLPXODWLRQ� RI� RWKHU�
DOJRULWKPV��OLNH�WKRVH�SURSRVHG�LQ�>������@�E\�:LOOLDPV��LQ�>��@�E\�1HEHO�HWF��

5HIHUHQFHV�
>�@� $OFKRXUURQ��*lUGHQIRUV��0DNLQVRQ�� ³2Q� WKH� /RJLF� RI� 7KHRU\�&KDQJH�� 3DUWLDO�

0HHW� &RQWUDFWLRQ� DQG� 5HYLVLRQ� )XQFWLRQV´�� ������ 7KH� -RXUQDO� RI� 6\PEROLF�
/RJLF�����SS����������

>�@� 'DODO� 0��� ³,QYHVWLJDWLRQV� ,QWR� D� 7KHRU\� RI� .QRZOHGJH� %DVH� 5HYLVLRQ��
3UHOLPLQDU\� 5HSRUW´�� ,Q� 3URFHHGLQJV� RI� WKH� 6HYHQWK� 1DWLRQDO� &RQIHUHQFH� RQ�
$UWLILFLDO�,QWHOOLJHQFH��SS�����������������

>�@� 'DODO�0��� ³8SGDWHV� LQ� 3URSRVLWLRQDO� 'DWDEDVHV´�� 7HFKQLFDO� 5HSRUW�� '&6�75�
�����'HSDUWPHQW�RI�&RPSXWHU�6FLHQFH��5XWJHUV�8QLYHUVLW\��)HEUXDU\�������

>�@� 'DUZLFKH� $��� 3HDUO� -��� ³2Q� WKH� /RJLF� RI� ,WHUDWHG� %HOLHI� 5HYLVLRQ´�� 8&/$�
&RJQLWLYH� 6\VWHPV� /DERUDWRU\�� 7HFKQLFDO� 5HSRUW� �5������ ,Q� 5�� )DJLQ� �(G����
3URFHHGLQJV�RI�WKH������&RQIHUHQFH�RQ�7KHRUHWLFDO�$VSHFWV�RI�5HDVRQLQJ�DERXW�
.QRZOHGJH� �7$5.� µ����� 3DFLILF� *URYH�� &$�� ������ 0DUFK� ������� ������ ,Q�
$UWLILFLDO�,QWHOOLJHQFH�������������������������

>�@� 'HOJUDQGH� -��� ³&RQVLGHUDWLRQV� RQ� D� 6LPLODULW\�%DVHG� $SSURDFK� WR� %HOLHI�
&KDQJH´�� ��WK� ,QWHUQDWLRQDO� -RLQW� &RQIHUHQFH� RQ� $UWLILFLDO� ,QWHOOLJHQFH�
�,-&$,
�����6WRFNKROP��6ZHGHQ��$XJXVW�������SS�����������
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>�@� )DJLQ�� 8OOPDQ�� 9DUGL�� ³2Q� WKH� 6HPDQWLFV� RI� 8SGDWHV� LQ� 'DWDEDVHV´�� ������
3URFHHGLQJV�RI�6HFRQG�$&0�6,*$&7�6,*02'��$WODQWD��SS�����������

>�@� )ORXULV� *��� 3OH[RXVDNLV� '��� ³%HOLHI� 5HYLVLRQ� LQ� 3URSRVLWLRQDO� .QRZOHGJH�
%DVHV´�� WR�DSSHDU� LQ�WKH��WK�3DQKHOOHQLF�&RQIHUHQFH�RQ� ,QIRUPDWLFV��1RYHPEHU�
������1LFRVLD��&\SUXV��

>�@� *lUGHQIRUV�3���³%HOLHI�5HYLVLRQ��$Q�LQWURGXFWLRQ´��SS�������LQ�%HOLHI�5HYLVLRQ��
HG��E\�3��*lUGHQIRUV��&DPEULGJH�8QLYHUVLW\�3UHVV��������

>�@� *lUGHQIRUV� 3��� ³7KH� G\QDPLFV� RI� NQRZOHGJH� DQG� EHOLHI�� )RXQGDWLRQDO� YV��
FRKHUHQFH� WKHRULHV´�� 5HYXH� ,QWHUQDWLRQDOH� GH� 3KLORVRSKLH� ���� SS�� �������
5HSULQWHG�LQ�.QRZOHGJH��%HOLHI�DQG�6WUDWHJLF� ,QWHUDFWLRQ��HG��E\�%LFFKLHUL�DQG�
0��/��GDOOD�&KLDUD��&DPEULGJH�8QLYHUVLW\�3UHVV��&DPEULGJH��������SS�����������

>��@� +DQVVRQ�6YHQ�2YH�� ³,Q�'HIHQVH� RI�%DVH�&RQWUDFWLRQ´�� 6\QWKHVH� ���� SS�� ����
�����������

>��@� .DWVXQR�� 0HQGHO]RQ�� ³3URSRVLWLRQDO� .QRZOHGJH� %DVH� 5HYLVLRQ� DQG� 0LQLPDO�
&KDQJH´�� .55�75������� 0DUFK� ������ 7HFKQLFDO� 5HSRUWV� RQ� .QRZOHGJH�
5HSUHVHQWDWLRQ�DQG�5HDVRQLQJ��8QLYHUVLW\�RI�7RURQWR��

>��@� .DWVXQR��0HQGHO]RQ��³2Q�WKH�'LIIHUHQFH�%HWZHHQ�8SGDWLQJ�D�/RJLFDO�'DWDEDVH�
DQG�5HYLVLQJ�LW´��LQ�%HOLHI�5HYLVLRQ��3��*DUGHQIRUV��&DPEULGJH�3UHVV��������

>��@� /LEHUDWRUH�3���³7KH�&RPSOH[LW\�RI�,WHUDWHG�%HOLHI�5HYLVLRQ´��,Q�3URFHHGLQJV�RI�
WKH�6L[WK� ,QWHUQDWLRQDO�&RQIHUHQFH�RQ�'DWDEDVH�7KHRU\��,&'7
�����SDJHV�����
�����������

>��@� 0DNLQVRQ��³+RZ�WR�*LYH�LW�XS��$�6XUYH\�RI�VRPH�)RUPDO�$VSHFWV�RI�WKH�/RJLF�
RI�7KHRU\�&KDQJH´��������6\QWKHVH�����SS�����������

>��@� 1HEHO�%���³$�.QRZOHGJH�/HYHO�$QDO\VLV�RI�%HOLHI�5HYLVLRQ´��,Q�3URFHHGLQJV�RI�
WKH�)LUVW� ,QWHUQDWLRQDO�&RQIHUHQFH� RQ�3ULQFLSOHV� RI�.QRZOHGJH�5HSUHVHQWDWLRQ�
DQG�5HDVRQLQJ��SS�����������������

>��@� :LOOLDPV��³$Q\WLPH�%HOLHI�5HYLVLRQ´�������� ,QWHUQDWLRQDO�-RLQW�&RQIHUHQFH�RQ�
$UWLILFLDO�,QWHOOLJHQFH��������

>��@� :LOOLDPV� 0DU\�$QQH�� :LOOLDPV� 'DYLG�� ³$� %HOLHI� 5HYLVLRQ� 6\VWHP� IRU� WKH�
:RUOG�:LGH�:HE´��:HE��KWWS���X��QHZFDVWOH�HGX�DX�ZHEZRUOG�DL�LQWHUQHW�KWPO��
�


