
1

A Game-Theoretical Analysis of Wireless
Markets using Network Aggregation

Georgios Fortetsanakis, Ioannis Dimitriou, and Maria Papadopouli

Abstract—Modeling wireless access and spectrum markets is challenging due to a plethora of technological and economic aspects
that affect their evolution. This work develops a modeling framework for analysing such markets using network economics, game
theory, and queueing networks. The framework models the service selection of users as well as the competition and coalition among
providers. It also provides a problem specific treatment to estimate the market equilibriums under the presence of discontinuities in the
derivatives of the utility functions of providers. The analysis of different markets reveals various interesting trends in the offered prices,
market share, and revenue of providers depending on the user utility function, traffic demand, and mobility patterns. It also
demonstrates the role of the quality of service (QoS) in the user utility function in reducing the intensity of competition and allowing for
higher prices and revenue. However, the analysis of large-scale markets exhibits a high computational complexity. To improve the
computational efficiency, we also developed a network aggregation algorithm and methodology based on the theorem of Norton. This
aggregation allows the construction of equivalent networks for a specific region of interest and omits the details of the entire networks
of providers, achieving significant computational gains. We demonstrate the aggregation algorithm in the context of capacity planning.

Index Terms—Wireless networks, network economics, access markets, game theory, network aggregation
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1 INTRODUCTION

The recent technological innovations and regulatory
changes, along with the rapid growth of mobile devices and
demand, change the landscape of wireless markets. New
markets that are of larger size (in the number of users and
providers), more heterogeneous (in the user population and
services), and more dynamic are formed. As the demand for
wireless access increases, the impact of the quality of service
(QoS) along with the price on the decision making of users
will be enhanced, affecting the market share and revenue of
providers. To maintain a competitive QoS, providers may
also engage in more dynamic forms of spectrum trading.
For example, in secondary spectrum markets, licenses will
be traded in small geographical regions and for short peri-
ods of time to satisfy the bursty and heterogeneous traffic
demand [1].

Most papers that analyse wireless markets make vari-
ous simplifications, e.g., focus only on the economic part,
consider macroscopic QoS models, or assume networks
with one base station (BS) [2–9]. Although such models are
simple and analytically tractable, they often result in inaccu-
racies due to their unrealistic assumptions. When designing
models for wireless markets, it is important to achieve a
balance between accuracy and computational complexity. To
this end, we have developed a modular multi-layer model-
ing framework for wireless access and spectrum markets.
We model a market with a two-stage game. The first stage
models the competition of providers through the price set-
ting, and the second one the user service selection. Providers
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aim to optimise their revenue by determining the prices of
their services, while users select to become subscribers of a
certain provider or remain disconnected. The user decisions
are based on the QoS and price. The framework is elaborate
enough to capture the main trends that arise in wireless
markets and, at the same time, it is analytically tractable.
It considers detailed models for the wireless networks, user
service selection, and price competition of providers. It
also provides a set of algorithms and methodologies that
efficiently estimate the market equilibriums.

The proposed framework could be useful to engineers
as it allows them to study various problems of interest,
such as, the problem of capacity planning, WiFi offloading,
femtocells, and MVNOs. For example, providers may study
different market cases and evaluate the profitability of vari-
ous strategies (e.g., investing in additional spectrum or net-
work infrastructure, performing WiFi offloading, forming
coalitions with other providers). This paper focuses on the
problem of capacity planning.

During the analysis of a wireless market, the estimation
of QoS metrics for the networks of providers is necessary.
In cases of large-scale networks, this estimation results in
increased computational complexity. However, one is of-
ten interested in the performance of a specific part of the
networks of providers (i.e., “region of interest”). To reduce
the computational complexity of the analysis, this paper
develops a network aggregation methodology based on the
theorem of Norton [10]. This method allows the construction
of equivalent network models for the region of interest
omitting the details of the entire networks of providers. In
that way, significant computational gains can be achieved,
while maintaining the accuracy of the results. To the best of
our knowledge, it is the first paper that employs such an
aggregation method in this context.

Except for the theorem of Norton, in our earlier work
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[11–14], we introduced a method based on clustering algo-
rithms that allowed us to model a wireless market at mul-
tiple levels of detail. By selecting the appropriate level, one
could achieve the desired tradeoff between accuracy and
computational complexity. This paper extends that work
by analytically estimating the Nash equilibriums (NEs) of
users and providers in this type of markets. Conventional
game-theoretical methods for computing the NEs can not be
applied in our case due to discontinuities in the derivatives
of the utility functions of providers. To compute the NEs
in our specific problem, we propose a novel algorithm that
analyses the game of providers at various subsets of the
strategy space and combines the results from these subsets
to compute the global NEs. Apart from a competitive game,
the framework also analyses a cooperative game among
providers and computes the Pareto optimal solution for
different user utility functions and traffic demand.

The paper is structured as follows: Section 2 overviews
the related work. Section 3 presents our modeling frame-
work based on which the performance of a wireless
oligopoly is analysed in Section 4. Section 5 describes the
problem of capacity planning in wireless markets and ap-
plies the theorem of Norton to reduce its computational
complexity. An example of the problem of capacity planning
is analysed in Section 6, while Section 7 summarises our
conclusions and future work plans.

2 RELATED WORK

Rapid changes have been made in spectrum and wireless
access markets. Spectrum markets define the process through
which providers acquire licenses to operate at certain por-
tions of the spectrum, while wireless access markets focus
on the design of services by the providers, price determina-
tion, and end-user decision making. In traditional spectrum
markets, the state assigns nation-wide licenses that are
valid for a long time period to various interested parties
through appropriate auction mechanisms (e.g., [15], [16]).
In secondary spectrum markets, licence holders resell their
spectrum access rights in fine spatial and temporal granu-
larities [17–23]. The design of truthful, collusion-resistant,
and effective auction mechanisms for secondary spectrum
markets has received considerable attention [17–20].

Most papers that analyse wireless access markets make
simple assumptions. Some of them do not consider the QoS
as a parameter that could affect the user decisions [2], [3]
focusing only on economic aspects, while others consider
macroscopic models of the QoS [4–9]. Furthermore, most
papers do not consider detailed models for the networks of
provides often assuming single-BS networks [4–6]. The user
utility function usually depends on the achievable data rate
and price. However, most papers consider a specific utility
function that can not be changed [4–9], [24]. Furthermore,
despite the large effort in modeling spectrum and wireless
access markets, only few papers study both types of markets
jointly [24], [25]. In contrast to the above approaches, this
paper proposes a modeling framework for wireless markets
that is elaborate enough to capture the main tends and,
at the same time, analytically tractable. To further reduce
the computational complexity, it also applies the network
aggregation method based on the theorem of Norton.
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Fig. 1: Modeling wireless markets.

3 MODELING FRAMEWORK

In wireless markets, three types of entities are mainly in-
volved, namely, the providers, users, and spectrum sellers.
Providers offer various types of services to users aiming
to maximize their revenue, while users select the service
that best satisfies their requirements with respect to price
and QoS. Technological and economic aspects affect the
evolution of such markets. For example, providers try to
balance price and QoS to keep their customers satisfied
and increase their revenue. They may also need to buy
additional spectrum to improve the quality of their services
in congested parts of their network.

To model wireless markets, we have developed a uni-
fied framework that consists of two layers, the techno-
logical layer and the economic one (as Fig. 1 illustrates).
The technological layer models the cellular networks of
providers as queueing networks and the user traffic demand
with appropriate stochastic processes. It also estimates the
QoS of providers based on the average and variance of
data rate. The economic layer models the market with a
two-stage game. The first stage instantiates the competition
of providers and the second one the user decision making. A
population game models the user decisions: each user could
either select to become a subscriber of a certain provider
or remain disconnected based on a utility function that
depends on the price and QoS. On the other hand, the
competition of providers is modeled as a normal-form game in
which providers strategically select their prices to optimize
their revenue. The utility functions of providers depend on
the offered prices and the Nash equilibrium (NE) of users
(Fig. 2). Our framework models a wireless access market
of I providers and N users. Each provider has deployed a
network of wireless BSs and offers long-term subscriptions,
which are best-effort data services. The following subsections
describe the components of our modeling framework in
more detail.

3.1 The queueing networks of providers

Each provider (e.g., provider i) has deployed a number
of BSs (Ki) covering a geographical region (e.g., a city).
We also assume that in all BSs the available bandwidth is
shared equally among connected users (processor-sharing
discipline). For LTE cellular BSs, this bandwidth allocation
models a scheduler that divides the OFDMA resources
fairly among users. Users generate requests to connect to
a BS to start a session. During a session, a user transmits
and receives data via that BS. The user session generation
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Fig. 2: Main components of the modeling framework.

follows a Poisson process with a total rate of λ. This rate is
allocated across providers according to the current market
share z = (z0, z1, ..., zI). The ratio of subscribers of the
provider i is indicated by zi, while z0 indicates the ratio
of disconnected users. The user mobility in the network
of a provider is modeled with a Markov-chain in which a
state corresponds to the coverage area of a BS. The total
session generation rate of subscribers of the provider i is
further divided among its BSs (k = 1, ...,Ki) according to
the probabilities ωik. These probabilities correspond to the
stationary distribution of the user mobility in the network
of the provider i. Note that the handovers that are are
performed at a BS k of a provider i are modeled with a
Poisson process of rate vik. This rate is estimated according
to a fluid flow mobility model [26]. Such models have been
used to describe the user handovers among BSs in wireless
networks. Table 1 defines the parameters of the queueing
network of the provider i. Let us now focus on a simple
case in which all users select the provider i (i.e., zi = 1).
The total session arrival rate at a BS k (γik) consists of the
new sessions (aik = ωikλ) and handover sessions from all
neighbouring BSs (e.g., Fig. 3).

γik = aik +

Ki∑
m=1

γimp
(i)
m,k (1)

The traffic intensity at the BS k of the provider i (ρik) is equal
to the ratio of the total session arrival rate at the BS k (γik)
over the total session departure rate at that BS (dik). The
queueing network of the provider i is modeled as a Markov
chain. Each state corresponds to a vector ni = (ni1, ..., niKi)
indicating the number of connected users at all BSs. State
transitions correspond to various types of events including
session arrivals, terminations, and handovers. The station-
ary distribution of the Markov chain is computed by solving
the global-balance equations. Such equations set the arrival
rate at each state of the Markov chain equal to the departure
rate from that state. Due to the Markovian property of our
system and the processor sharing discipline, the global-
balance equations can be simplified into a set of local-
balance equations [27]. According to these equations (Eqs.
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Fig. 3: Session arrivals at a BS of the provider i.

2), the rate leaving a state ni due to the departure of a user
at a specific BS k is equal to the rate entering that state due to
the arrival of a user at the BS k either due to a new session or
a handover (Eq. 2a). Furthermore, the rate leaving the state
ni due to the arrival of a new session at a BS is equal to the
rate entering that state due to the termination of a session at
a BS (Eq. 2b).

dikQi(ni) = aikQi(ni − eik)

+

Ki∑
m=1

vimp
(i)∗
m,kQi(ni − eik + eim) (2a)

Ki∑
k=1

aikQi(ni) =

Ki∑
k=1

µikQi(ni + eik) (2b)

In Eqs. 2, eik is a vector with all entries equal to 0 except
the k-th entry which is equal to 1. Fig. 4 illustrates the local-
balance equations for a network of two BSs. Given that ρik <
1 for each BS of the provider i, the stationary distribution of

TABLE 1: Parameters of queueing network of provider i

Parameter Description
Ki Number of BSs
λ Total session generation rate of users

zi(z0) Ratio of subscribers (disconnected users)
ωik Steady-state probability for a user to

be located within the coverage of BS k
vik Departure rate from BS k due to handover
µik Session service rate at BS k
dik Total departure rate from BS k (dik = vik + µik)
p
(i)∗
m,k Conditional prob. of handover from BS m

to BS k given that a handover occurs
p
(i)
m,k Unconditional prob. of handover from

BS m to BS k
(
p
(i)
m,k = vimp

(i)∗
m,k/dim

)
γik Total session arrival rate at BS k
aik Arrival rate of new sessions at BS k
ρik Traffic intensity at BS k
ni Vector indicating the number of users at each BS

Qi(ni) Stationary distribution of number of users at BSs
Bik Bandwidth at BS k
Ri(zi) Average data rate
Vi(zi) Variance of data rate
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Fig. 4: Local-balance equations for a network with two BSs.

the number of connected users at all BSs can be derived as
follows:

Qi(ni) =

Ki∏
k=1

(1− ρik) (ρik)
nik (3)

By substituting Eq. 3 in the local-balance equations (Eqs. 2)
and using simple algebra, we derive the traffic equations
(Eq. 1). This proves the validity of Eq. 3. Given that the
stationary distribution is in product form, each BS can be
viewed as an independent M/M/1 queue with the proces-
sor sharing discipline.

In the general case in which not all users select the
provider i (i.e., zi < 1), we can replace γik, aik, and ρik
with ziγik, ziaik, and ziρik, respectively and Eqs. 1-3 still
hold. In this case, the average number of connected users at
the BS k of the provider i is E[Nik] = ziρik

1−ziρik [28]. When
a new user arrives at the BS k, it will share the available
bandwidth along with all other currently connected users
at that BS. Therefore, the amount of bandwidth that a
new user can get when it connects to the BS k will be

Bik

E[Nik]+1 = Bik(1−zipik), where Bik is the total bandwidth
of that BS. The average data rate of a user session at the
network of the provider i can be computed as the weighted
average of the data rate achieved at each BS (Eq. 4).

Ri(zi) =

Ki∑
k=1

ωikBik(1− ziρik) (4)

The spatial and temporal variability of data rate affect
the QoS. Thus, the user utility function (Eq. 6) incorporates
the average data rate (Eq. 4) and variance of data rate which
is defined as a polynomial of second degree with respect to
zi (Eq. 5).

Vi(zi) =

Ki∑
k=1

ωik (Bik(1− ziρik)−Ri(zi))2 (5)

The user service selection employs the average and
variance of data rate in the decision making process (Fig.
2). The computation of the market equilibriums for users
and providers are described in Subsections 3.2 and 3.3,
respectively.

3.2 User service selection
The user service selection process is modeled by a popu-
lation game. Each user can choose among I + 1 available

strategies H = {0, 1, ..., I}. Strategies 1, 2, ..., I correspond
to subscriptions with the providers 1, 2, ..., I , respectively,
while strategy 0 denotes the disconnection state. We assume
that the population of users is homogeneous, and as such,
the utility attained when selecting a specific strategy is the
same for all users. Therefore, it suffices to describe the
service selection of users with a probability distribution over
the set of strategies (H). This distribution z = (z0, z1, ..., zI)
is the user strategy profile also denoted as market share. All
parameters of a wireless market are defined in Table 2.

User utility function. A user selects a strategy (i.e., a
subscription or disconnection) based on the QoS and price:

ui(zi; c) =

{
f (Ri(zi))− wV Vi(zi)− wP ci if i = 1, ..., I

0 if i = 0
(6)

The function f is concave, strictly increasing, and non-
negative and defines the impact of the average data rate
(Ri(zi)) on the user utility. In the analysis, we consider
four different cases for the function f , a linear, logarithmic,
exponential, and isoelastic one (Table 3). The impact of the
variance of data rate (Vi(zi)) and price of the subscription
of the provider i (ci) is assumed to be linear and their
significance is indicated by the positive weights wV and
wP , respectively. Furthermore, when the user selects the
disconnection state (i.e., i = 0), it attains utility equal to
0.

User population dynamics. Based on the user utility func-
tion, the evolution of the market share of users (z(t)) is
described by the replicator dynamics, a system of ordinary
differential equations (Eq. 7).

dzi(t)

dt
= zi(t)

ui (zi(t); c)−
∑
j∈H

zj(t)uj (zj(t); c)

 (7)

Depending on the initial conditions, the replicator dynamics
may converge to different equilibrium points. However,
not all these equilibriums are NEs, since at a NE, no user
has the incentive to change its strategy. Every population
game admits at least one NE (as can be proven by applying
Kakutani’s fixed point theorem [29]).

TABLE 2: Parameters of a wireless market

Parameter Description
I Number of providers
N Number of users
c Vector with the prices of all providers
H User strategies

f (Ri(zi)) Impact of average data rate on user utility
wV (wP ) Weight of variance of data rate (price)
ui (zi; c) User utility function
z(t) Market share of users at time t
z∗(c) User NE
P Providers
C Provider strategy profiles

σi(c) Utility function of provider i
σri (c) Utility function of provider i restricted in

the region r of the strategy space of providers
grj (c) ≤ 0 j-th constraint used to define the region r

of the strategy space of providers
Ar Set of price vectors corresponding to the

region r of the strategy space of providers
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TABLE 3: Dependence of user utility on average data rate

Name Formula Parameters
Linear wRRi(zi) wR

Exponential wR
(
τ − e−hRi(zi)

)
wR, τ , h

Logarithmic wR ln (h (Ri(zi)− q)) wR, h, q
Isoelastic wR (h (Ri(zi) + q)κ − τ) wR, h, q, κ, τ

3.2.1 Computation of the user NE

At a user NE, we can divide the set of strategies H into
two disjoint subsets X and Y , such that: (i) X is non-empty,
(ii) all strategies in X correspond to the same utility, (iii) all
strategies in Y correspond to a market share of 0 (proven in
the Appendix A). To compute a NE, we distinguish different
cases with respect to the sets X and Y .

Case (a). The subscriptions of all providers correspond to the
same utility and there are no disconnected users: X = {1, ..., I}
and Y = {0}.

ui (zi; c) = u1 (z1; c) ∀i ∈ {2, ..., I},
I∑
j=1

zj = 1 (8)

For the solution of Eqs. 8 z1(c) = (z10(c), z11(c), ..., z1I (c)) to
be a NE, additional conditions should be satisfied (inequali-
ties 9). First, z1(c) should be a valid probability distribution
and c should lie in the strategy space of providers (inequal-
ities 9b and 9c, respectively). Furthermore, the utility of the
disconnection should be less than or equal to the utilities
of the subscriptions (inequality 9a). Otherwise, there is a
contradiction to the definition of a NE.

u1
(
z11(c); c

)
≥ 0 (9a)

z1i (c) ≥ 0, ∀i ∈ {1, ..., I} (9b)
ci ≥ 0, ∀i ∈ {1, ..., I} (9c)

When the conditions 9 are true, the solution of Eqs. 8 (z1(c))
is a user NE for the price vector c. No user has the incentive
to change its strategy at that equilibrium. In general, two
types of transitions may happen, namely, (i) a subscriber
may change provider, and (ii) a subscriber may become
disconnected. However, in this case, none of these can occur:
a transition of type (i) is not profitable since all subscriptions
have equal utility at the equilibrium (Eqs. 8), and a transition
of type (ii) reduces the user utility since all subscriptions
have higher utility than the disconnection (Eqs. 8 and 9a).

Case (b). All strategies, including the disconnection, corre-
spond to the same utility: X = H and Y = ∅.

ui(zi; c) = 0 ∀i ∈ {1, ..., I},
I∑
j=0

zj = 1 (10)

For the solution of Eqs. 10 z2(c) = (z20(c), z21(c), ..., z2I (c))
to be a NE, additional conditions should be satisfied (in-
equalities 11). The vector z2(c) should be a valid probability
distribution (inequalities 11a and 11b) and c should lie in
the strategy space of providers (inequality 11c).

z20(c) ≥ 0 (11a)
z2i (c) ≥ 0, ∀i ∈ {1, ..., I} (11b)

ci ≥ 0, ∀i ∈ {1, ..., I} (11c)

When the conditions 11 are true, the solution of Eqs. 10
(z2(c)) is a user NE for the price vector c. At that equi-
librium, no user has the incentive to change its strategy
since it will not attain additional utility by doing so. Except
from (a) and (b), other cases can be defined in which the
subscriptions of one or more providers belong in the set
Y (i.e., obtain a market share of 0). However, as it will
be shown in Section 3.3, the computation of the user NE
in these cases is not necessary because providers set their
prices aiming to achieve a strictly positive market share and
revenue. This policy of providers results in user NEs as the
ones in the cases (a) and (b) described above 1.

3.3 Competition of providers
The competition of providers is modeled as a continu-
ous normal-form game (P,C, {σi}i∈P ). In this game, each
provider i selects a price for its subscription (ci) belong-
ing in a closed interval [0, Cmaxi ]. The strategy space of
providers is the set of all possible combinations of prices
that can be offered in the market and is a rectangle of
the form C = [0, Cmax1 ] × ... × [0, CmaxI ]. Each point of
the strategy space c = (c1, ..., cI) is a vector containing
a specific price for each provider and corresponds to a
user NE z∗(c) = (z∗0(c), z∗1(c), ..., z∗I (c)). Based on this
equilibrium, the utility function of a provider i is defined
as σi(c) = Nz∗i (c)ci and estimates the total revenue of the
provider i in the market.

In general, continuous games can be analysed efficiently
provided that they have a rectangular strategy space and
twice continuously differentiable utility functions [30], [31].
However, in our case, there exist a finite set of surfaces in
the strategy space, at which, the derivatives of the utility
functions of providers are discontinuous. Those surfaces
divide the strategy space into a finite number of regions.
At the interior of each region, the set of user strategies
that obtain a strictly positive market share at the user NE
is fixed. Fig. 5 depicts two examples of the strategy space
of providers in a simple case of a duopoly under large and
small user traffic demand (Figs. 5a and 5b, respectively).
These figures have been constructed by computing the user
NE over a set of prices. At the interior of each region, all
strategies that correspond to a strictly positive market share
at the user NE are listed. The region 1 (region 2) is the set of
price vectors that satisfy the conditions of case (a) (case (b))
of Section 3.2.1, respectively. The region 2 is larger in Fig.
5a compared to Fig. 5b, since, under large traffic demand,
disconnected users appear more frequently resulting in a
larger size of the region 2. In the case of low traffic demand
(Fig. 5b), there are two additional regions (the regions 6 and
7) where all users become subscribers of one provider.

The segmentation of the strategy space appears in mar-
kets with multiple providers each offering a unique service
for a price and with users that make rational decisions. In
such markets, a NE can be narrowed down at the interiors

1. Note that the user NE is unique if the utility functions ui(zi; c)
are strictly decreasing in zi (proven in the Appendix B). However,
when wV > 0, there are cases in which the above condition does not
hold and therefore, there may exist multiple user NEs (i.e., there may
exist multiple solutions for Eqs. 8 and 10). In such cases, we select the
solution that the non-linear equation solver computes starting from a
point that corresponds to an equal market share for all strategies.
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Fig. 5: Examples of the provider strategy space in a duopoly under large user demand (a) and small demand (b).

of the regions 1 and 2 and at the surface that separates those
two regions. This can be easily proven by contradiction. If
a NE existed outside those sets of points, then at least one
provider would obtain a market share of 0. However, this
provider would have the incentive to reduce its price and
obtain a strictly positive market share and revenue. This
contradicts the definition of a NE. For example, if a NE
existed in the region 3 of Fig. 5a (e.g., at the point X), then
the provider 2 would obtain a market share of 0. However,
this provider would have this incentive to reduce its price
to obtain a strictly positive market share and revenue.

At the boundaries of regions, the derivatives of the
provider utility functions are discontinuous. Let us explain
that with an example. Assume that the currently offered
prices correspond to the point A of Fig. 5a. At this point,
the user NE contains subscribers of both providers and dis-
connected users. If the provider 2 starts reducing its price,
it will attract disconnected users to its network leaving the
provider 1 unaffected. If we assume that some subscribers of
the provider 1 switch to the provider 2, then the QoS of the
provider 1 will be slightly increased, making the utility of
its subscription larger than 0. This will result in a “flow” of
disconnected users to the provider 1 until its utility becomes

1. Split strategy space

2a. Compute the NEs of providers
in region 1 (GNEP)

2b. Compute the NEs of providers in region 2 (GNEP)

3. Compute global NEs

1

2

3 4

5

At boundary, solve inequalities (15) 
to compute set of NEs

The NE from region 2 is global if Eq. (19) is true

Global NEs at boundary: intersection
of the sets of NEs of the games
restricted in regions 1 and 2

*

*

*

Within region 1, solve Eqs. (13)
to compute NE

Within region 2, solve Eqs. (16) to compute NE

At boundary, solve inequalities (17) 
to compute set of NEs (indicated by 
the green color)

*

The NE from region 1 is global if conditions of NE
hold for the points on the dotted lines in region 2 (Eq (18))

Fig. 6: The main idea for computing the NEs of providers.

again equal to 0. Therefore, the market share of the provider
1 remains unaffected by the reduction of the price of the
provider 2. When the offered prices reach the boundary
of the region 1, no disconnected users will remain. If the
provider 2 keeps reducing its price, it will attract users from
the provider 1. In other words, the utility function of the
provider 1 remains fixed as long as the prices remain in the
region 2, while it starts diminishing when the prices enter
the region 1. Furthermore, the rate with which disconnected
users join the provider 2 in the region 2 is different than the
rate with which subscribers of the provider 1 switch to the
provider 2 in the region 1. This results in a discontinuity of
the derivatives of the utility functions of providers at the
point of the boundary. Similar arguments can be made for
the boundaries of other regions.

3.3.1 Computation of the NE of the game of providers
To compute the NEs of providers, we propose a novel
algorithm (illustrated in Fig. 6). First, the strategy space is
split into the different regions. Then, two separate games are
defined for the regions 1 and 2. The problem of computing
the NEs of a game with its strategy space restricted in a
single region is a generalized Nash equilibrium problem
(GNEP) [32], [33]. The final step checks whether the NEs
corresponding to the regions 1 and 2 are also global NEs of
the game of providers. Let us now describe the algorithm in
more detail.

Computation of NEs in the region 1. The region 1 is
the set of price vectors that satisfy the constraints 9 (case
a of Section 3.2.1). At a NE, the price of a provider is a
best response to the prices of its competitors. To compute its
best response, a provider solves an optimization problem to
select from the set of available prices the one that maximizes
its revenue. As it will be shown bellow, all NEs lie either
in the interior of the region 1 or at the set of points at
which the constraint 9a is active 2 (Fig. 5b). The local
maxima of the utility functions of providers at these sets

2. A constraint g(c) ≤ 0 is active when the equality holds.
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TABLE 4: Combined KKT conditions of the optimization problems of providers for computing their best response

Condition name Formula Description

Equating to 0
derivative of

Lagrange fun.
−
∂σ1
i (c)

∂ci
+

2I+1∑
j=1

λij
∂g1j (c)

∂ci
= 0, i = 1, . . . , I (12a)

Equate to 0 the derivative of the Lagrange function of each
provider. The term σ1

i (c) corresponds to the utility function
of the provider i restricted in the region 1.

Primal feasibility g1j (c) ≤ 0, j = 1, . . . , 2I + 1 (12b)
Define the region 1:
g11(c) ≤ 0 corresponds to the constraint 9a.
g12(c), ..., g

1
I+1(c) ≤ 0 correspond to the constraints 9b.

g1I+2(c), ..., g
1
2I+1(c) ≤ 0 correspond to the constraints 9c.

Dual feasibility λij ≥ 0, i = 1, . . . , I and j = 1, . . . , 2I + 1 (12c) Set the Lagrange multipliers greater than or equal to 0.

Complementary
slackness λijg

1
j (c) = 0, i = 1, . . . , I and j = 1, . . . , 2I+1 (12d) Set the product of the Lagrange multipliers with their

corresponding constraints equal to 0.

of points satisfy the linear independence constraint qualifi-
cation (LICQ) 3, and thus, at a NE, the Karush-Kuhn-Tucker
(KKT) conditions of the optimization problems of individual
providers should be satisfied [34]. Table 4 defines a system
that combines the KKT conditions of these problems. The
derivation of this system is described in the Appendix C.

To compute a NE, we distinguish various cases with
respect to the location of that equilibrium. A point at which
at least one of the constraints 9c is active can not be a NE.
At such a point, there is always a provider with price equal
to 0 that has the incentive to increase its price and attain a
strictly positive utility (e.g., point D in Fig. 5b). Similarly,
a point at which a constraint 9b is active can not be a NE.
At such a point, there is always a provider with 0 market
share that has the incentive to reduce its price and attain a
strictly positive utility (e.g., point E in Fig. 5b). Therefore,
all NEs lie either in the interior of the region 1 or at the
set of points at which only the constraint 9a is active. In
the interior of the region 1, all inequalities 12b are strict
and therefore, based on the complementary slackness KKT
conditions (Eq. 12d), all Lagrange multipliers are equal to 0.
This reduces the system 12 into the following system.

∂σ1
i (c)

∂ci
= 0, for all i = 1, . . . , I (13)

Standard numerical analysis methods are used to solve this
system 4. If the solution satisfies the constraints 12b (i.e., the
inequalities 9) and corresponds to a global maximum of the
utility functions of providers, it is a NE. Let us now focus
on the set of points at which only the constraint 9a is active.
Based on the complementary slackness KKT conditions (Eq.
12d) and the fact that all other constraints except 9a are not
active, we derive that all Lagrange multipliers are equal
to 0 except those corresponding to the constraint 9a. This
reduces the system 12 into the following system.

∂σ1
i (c)

∂ci
− λi1

∂g11(c)

∂ci
= 0, i = 1, . . . , I (14a)

λi1 ≥ 0, i = 1, . . . , I (14b)

3. Consider a local maximum x∗ of an optimization problem with
continuously differentiable objective and constraint functions. If the
gradients of the active inequality constraints and the gradients of the
equality constraints are linearly independent at x∗, the KKT conditions
should be satisfied at x∗.

4. The derivatives of the provider utility functions are computed
numerically according to the method described in the Appendix D.

The derivative ∂g11(c)
∂ci

is always positive, for all mathematical
models of the user utility function considered in this work.
Therefore, the system of Eqs. 14 is reduced to the following
inequalities.

∂σ1
i (c)

∂ci
≥ 0, i = 1, . . . , I (15)

This system of inequalities restricted at the points in which
the constraint 9a is active corresponds to a feasibility prob-
lem that can be solved efficiently. Such a problem may have
uncountable solutions and therefore, the set of NEs on the
surface separating the regions 1 and 2 may be infinite.

Computation of NEs in the region 2. To compute the
NEs of the game of providers in the region 2, we follow a
similar procedure. The region 2 is the set of price vectors
that satisfy the constraints 11. As in the case of the region
1, a point at which at least one of the constraints 11c or
11b is active can not be a NE (e.g., points D and E in Fig.
5a). Therefore, the NEs could either lie in the interior of the
region 2 or at the set points at which the constraint 11a is
active. To search for a NE in the interior of the region 2, the
following system of equations should be solved.

∂σ2
i (c)

∂ci
= 0, for all i = 1, . . . , I (16)

The term σ2
i (c) corresponds to the utility function of the

provider i restricted in the region 2. If the solution of Eq.
16 satisfies the constraints 11, then it is a NE of the game of
providers restricted in the region 2. Furthermore, a point c
at which the constraint 11a is active is a NE if the following
conditions hold.

∂σ2
i (c)

∂ci
≤ 0, i = 1, . . . , I (17)

Again, solving the inequalities 17 restricted at the points at
which the constraint 11a is active corresponds to a feasibility
problem with potentially uncountable solutions.

Computation of global NEs. Let us denote the sets of
price vectors corresponding to the regions 1 and 2 as A1

and A2, respectively. The games restricted in these regions
can be then defined as Γ1 =

(
P,A1, {σ1

i }i∈P
)

and Γ2 =(
P,A2, {σ2

i }i∈P
)
, respectively. A more general game Γ =

(P,A1 ∪A2, {σi}i∈P ) that is restricted on the union of the
regions 1 and 2 can now be formed. The following set of
theorems proven in Appendix F relate the NEs of the game
Γ with the NEs of the games Γ1 and Γ2.
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Theorem 1: A point c∗ ∈ A1 ∩ A2 is a NE of the game Γ, if
and only if, it is a NE of the games Γ1 and Γ2.
Theorem 2: A point c∗ ∈ A1\A2 is a NE of the game Γ,
if and only if, it is a NE of the game Γ1 and the following
conditions are true.

σ1
i (c∗i , c

∗
−i) ≥ σ2

i (ci, c
∗
−i), ∀ci : (ci, c

∗
−i) ∈ A2,∀i ∈ P (18)

Theorem 3: A point c∗ ∈ A2\A1 is a NE of the game Γ,
if and only if, it is a NE of the game Γ2 and the following
conditions are true.

σ2
i (c∗i , c

∗
−i) ≥ σ1

i (ci, c
∗
−i), ∀ci : (ci, c

∗
−i) ∈ A1,∀i ∈ P (19)

In 18 and 19, the point c∗ is also denoted as (c∗i , c
∗
−i), where

c∗i is the price of the provider i and c∗−i is a vector containing
the prices of all other providers except i, at c∗. Theorem 2
implies that if there exists a NE in the interior of the region
1 (i.e., solution of Eqs. 13) and if the conditions of NE hold
for points lying in the region 2 (inequalities 18), then it is
also a global NE. For example, in Fig. 6, a NE in the interior
of the region 1 is global if conditions of NE hold for the
points on the dotted lines in the region 2. These dotted lines
correspond to the points (ci, c

∗
−i) ∈ A2 considered in the

inequalities 18. Similarly, Theorem 3 implies that if there
exists a NE in the interior of the region 2 (i.e., provided
by Eqs. 16), then it is also a global NE if the conditions
of inequalities 19 are satisfied. Furthermore, according to
the Theorem 1, the set of NEs at the surface separating the
regions 1 and 2 is the intersection of the sets of NEs of the
games restricted in the regions 1 and 2, respectively (Fig. 6).

3.3.2 An algorithm for the computation of a NE
The KKT system defined in Table 4 is a set of necessary
conditions for a point to be a NE of the game of providers
restricted in the region 1. These conditions are also sufficient
only if the utility functions of providers are concave in their
prices [35]. Given that the utility functions of providers are
concave, by applying the methodology described in Section
3.3.1, we are guaranteed to compute a global NE if one
exists. However, there are scenarios in which the utility
functions of providers are not concave in the region 1. In
such a case, while the KKT conditions of Table 4 are still
necessary for point to be a NE, there are not sufficient.
Therefore, when computing a solution of these conditions,
we should verify if it is a NE or not.

Our algorithm for the computation of a NE proceeds as
follows. First, it attempts to compute a NE at the interior of
the region 2 by solving Eqs. 16 and checking the conditions
19. If a global NE is computed, it is returned, otherwise,
the algorithm attempts to compute a NE at the interior of
the region 1 by solving Eqs. 13. If a solution is computed,
the algorithm verifies whether or not it corresponds to a
global maximum of the utility functions of providers. If it
corresponds to a global maximum of the utility functions of
providers, it is a global NE and is returned. If it corresponds
to a local maximum of the utility functions of providers, the
algorithm reports it as a “local NE”. Finally, if the solution
corresponds to a local minimum for at least one of the
providers or if no solution was computed for Eqs. 13, the
algorithm searches for a NE at the surface separating the
regions 1 and 2 by solving the inequalities 15 and 17. Note

that if the utility functions of providers are not concave at
the interior of the region 1, there may be scenarios in which
there is no pure-strategy NE of the game of providers. In
such cases, our algorithm will not report a NE.

3.3.3 Cooperation of providers: computation of the Pareto
optimal solution

Until now, we had assumed that providers are fully compet-
itive. Let us now define a market case in which providers co-
operate aiming to optimize a common objective function. An
example of such a function could be the sum of the utility
functions of individual providers (i.e., S(c) =

∑I
i=1 σi(c)).

The price vector c that maximizes the function S(c) is a
Pareto optimal solution. The closer a competitive NE to a
Pareto optimal solution, the more efficient it is [36]. A
Pareto optimal solution can be computed by solving an
optimization problem in which the function to be minimized
is−S(c). The constraints of the optimization problem define
the strategy space of providers. As mentioned earlier, the
utility functions of providers are not continuously differen-
tiable at the entire strategy space (C). However, we could
again divide the strategy space C into a number of regions
(as shown in Fig. 5a) in which the utility functions of
providers have a continuous derivative.

To compute the Pareto optimal solution, we only need
to search the regions 1 and 2. At all points outside these
regions, the market share of a number of providers is equal
to zero. We can reduce the prices of these providers by
such an amount that we reach the boundary of the region
1 or region 2. The value of the objective function at the
point of the boundary is the same as the value at the
initial point because only providers with a market share
of 0 changed their prices. For example, if the currently
offered prices correspond to the point X of Fig. 5a, the
price of the provider 2 can be reduced until it reaches
the point Y on the boundary of the region 2. The value
of the objective function (S(c)) at points X and Y is the
same because only the price of the provider 2 which has a
market share of 0 at both X and Y has changed. Therefore,
we can restrict our attention in the regions 1 and 2. When
searching for the Pareto optimal solution at the regions 1
and 2, we solve two optimization optimization problems
in which the function to be minimized is −S(c), while the
corresponding constraints are defined by the inequalities 9
and 11, respectively. The Pareto optimal solution is the one
that corresponds to the highest value for the function S(c).

4 PERFORMANCE OF A WIRELESS OLIGOPOLY

We implemented the modeling framework in Matlab and
instantiated a wireless access market of a small city, repre-
sented by a rectangle of 14.4 km x 12.5 km. In this market
there are 4 providers and a population of 300, 000 users.
Each provider has deployed a cellular network covering the
entire city. The BSs at each network are placed on the sites of
a triangular grid, with a distance between two neighbouring
sites of 1.6 km. The maximum data rate with which a BS can
serve sessions is 25, 22, 19, and 16 Mbps for the providers
1, 2, 3, and 4, respectively. The average size of a session
is 10 Mbytes. Furthermore, the session service rate of a BS
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Fig. 7: Competitive market equilibrium (top) and Pareto optimal solution (bottom) as a function of the user traffic demand
with wV = 0.

is µ1 = 18.75, µ2 = 16.50, µ3 = 14.25, and µ4 = 12.00
sessions/min for the providers 1, 2, 3, and 4, respectively.

Impact of traffic demand. We analysed the performance of
our modeling framework and estimated the impact of the
user traffic demand on the market equilibriums. Specifically,
we varied the session generation rate of each user from
0 up to 1.5 sessions/hour. Furthermore, we assumed that
the dependence of the user utility function (Eq. 6) on the
average data rate is exponential (f(x) = wR

(
τ − e−hx

)
),

where wR, τ and h are equal to 30, 1, and 0.6, respectively,
while the weight of data rate variability (wV ) was set equal
to 0. Fig. 7 shows the prices and revenue of providers, and
market share of users. Figs. 7a, 7b, and 7c correspond to
the NE, while Figs. 7d, 7e, and 7f correspond to the Pareto
optimal solution.

The type of the NE varies with the user traffic demand.
When the traffic demand is close to 0, the competition is
not sustainable and the providers 3 and 4 obtain a market
share of 0. As the traffic demand increases, the provider
3 and subsequently the provider 4 enter the market (Fig.
7b). Furthermore, low traffic demand results in low prices
(Fig. 7a). This is due to the high intensity of competition.
The price is the most significant parameter that drives the
user decisions leading to a price war. As the traffic demand
increases, the competition weakens. The effect of market
share on the achievable data rate becomes more prominent
and the intensity of competition is reduced leading to higher
prices. In this case, the NE of providers lies in the interior of
the region 1 (Fig. 5a), as explained in Section 3.3.

The prices of providers increase with the user traffic
demand until a certain threshold. At this threshold, the
NE moves from the interior of the region 1 to the surface
separating the regions 1 and 2. In this equilibrium, the

prices of providers have been slightly decreased. We observe
this decrease of prices for a relatively small range of traffic
demand around 0.95 sessions/hour (Fig. 7a). Then, the NE
moves in the interior of the region 2: the prices become fixed
and independent of the traffic demand and disconnected
users appear (Figs. 7a and 7b, respectively).

As mentioned in Section 3.3.3, in the Pareto optimal
solution, providers cooperate aiming to optimize a common
objective function. When the user traffic demand is low, the
Pareto optimal solution follows the reverse trend compared
to the NE. Specifically, the prices of providers start at a
high level and are reduced as the traffic demand increases
(Fig. 7d). At the NE, due to the effect of competition, the
prices start at a low level and increase as the traffic demand
increases (Fig. 7a). As explained earlier, in the NE, the low
traffic demand intensifies the competition, which has as
a result reduced prices. On the other hand, in the Pareto
optimal solution, providers are cooperative and offer prices
at the level of the user willingness to pay. The larger the
user traffic demand, the lower the achievable data rate in
the networks of providers, and therefore, the lower the user
willingness to pay, resulting in lower prices. The gap be-
tween the NE and the Pareto optimal solution decreases as
the traffic demand increases until the two solutions become
identical. This happens, when the generated traffic becomes
too large to be served by the networks of providers. In
this case, the competition between the providers is nullified
and the prices become fixed and independent of the traffic
demand. The above analysis demonstrates that a QoS-based
user utility function can act as a catalyst in the competition
and allow for higher prices. The absence of the QoS may
trigger a price war. This also indicates that monitoring the
QoS in real markets could be proven beneficial to providers.
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Fig. 8: Competitive market equilibrium (top) and Pareto optimal solution (bottom) as a function of the user traffic demand
with wV = 0.5.

Impact of data rate variability. This analysis was repeated
by increasing the weight of data rate variability (wV = 0.5).
Fig. 8 shows the market equilibriums. Similar trends with
Fig. 7 are observed: under low traffic demand, the NE lies
in the interior of the region 1 and the prices are increasing
with traffic demand (Fig. 8a). Above a certain threshold, the
NE moves at the surface separating the regions 1 and 2 in
which it remains for a small interval. Finally, the NE moves
in the interior of the region 2 in which the prices remain
fixed and disconnected users appear (Fig. 8b).

Despite the similarities, there are also important differ-
ences. Under low traffic demand, a large weight of data rate
variability in the user utility function prevents the move-
ment of large crowds towards a specific provider weakening
the competition and increasing the prices. On the contrary,
in case of large traffic demand, the variance of data rate
reduces the user utility resulting in lower prices and revenue
(e.g., Fig. 8a compared to Fig. 7a). Furthermore, under low
traffic demand, a large weight of data rate variability results
in similar market share of providers (Fig. 8b) compared
to the case of low weight, in which the providers with
the largest amount of bandwidth have a clear advantage
(Fig. 7b). An increase in the market share of the large
providers results in an increase of their data rate variance.
This interrupts the flow of users to these providers. Another
interesting trend is that the ordering of prices in Fig. 8a is
reversed compared to Fig. 7a. This is due to the larger data
rate variability in the networks of large providers compared
to small ones resulting in slightly larger prices for small
providers. Despite this, the ordering in the market share
and revenue (Figs. 8b and 8c) remains the same as in Figs.
7b and 7c, respectively.

Impact of average data rate. The impact of the average data

rate on the user willingness to pay is expressed through
the function f (Eq. 6). The analysis has considered linear,
exponential, logarithmic, and isoelastic functions (Table 3).
However, in the case of linear functions, the assumed linear
dependence of the user willingness to pay on the average
data rate causes a pathology. Specifically, providers set their
prices in such a way that there are at most two connected
users at each of their BSs, on average. This is a not realistic
outcome especially when there is a large amount of band-
width available at BSs. The user willingness to pay is not
linearly dependent on the average data rate. For example,
if two users that have data connections of 1 Mbps and 10
Mbps, respectively, an increase of the data rate by 1 Mbps
will have a different impact on each of these users. This
trend can be expressed by functions with a diminishing
derivative with respect to the data rate. Examples of such
functions that are commonly used in the economic literature
are the exponential, logarithmic, and isoelastic ones [37].

Impact of network heterogeneity. The user mobility among
the BSs of a provider is modeled by a Markov chain. The
transition probabilities from a BS to its neighbouring BSs are
determined according to a Zipf distribution (f(k; s,N) =

1/ks∑N
n=1 1/ns , where N is the number of neighbouring BSs, k

is the order of a specific neighbouring BS with respect to its
distance from the center of the topology, and s is the expo-
nent characterizing the distribution). In general, the closer a
neighbouring BS is to the center of the network topology, the
larger is the transition probability to this BS. Furthermore,
the larger the exponent of the Zipf distribution, the larger
the concentration of user traffic demand towards the center
of the topology. We have defined several scenarios in which,
we varied the exponent of the Zipf distribution from 0 to
0.14 keeping all other parameters fixed. In general, as the
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exponent increases, the user traffic demand becomes more
concentrated towards the center of the topology. This results
in a decreased average value and increased spatial vari-
ance of data rate. Therefore, in the corresponding market
equilibriums, the prices and revenue of providers decrease,
while the percentage of disconnected users increases. Often,
a large heterogeneity of the user traffic demand results in a
certain region to become congested. To improve their QoS at
that region, providers may need to buy additional spectrum
by participating in a secondary spectrum market [1]. In
such a market, the spectrum is allocated to providers by
an auction mechanism. The next Section describes such a
mechanism in more detail.

5 THE PROBLEM OF CAPACITY PLANNING

Let us consider a scenario in which the networks of
providers become congested at a certain region. To improve
their QoS, providers may engage in a secondary spectrum
market. We assume that the spectrum allocation in such a
market is performed according to a Vickrey-Clarke-Groves
(VCG) auction [38], [39]. The VCG auction has been used
for spectrum allocation in wireless markets [17], [40]. In this
auction, license holders offer a certain amount of spectrum
for sale which is divided into Q equally sized chunks. The
outcome of the auction is an allocation vector q = (q1, ..., qI)
in which qi is the total number of spectrum chunks that
have been allocated to the provider i and

∑I
j=1 qj ≤ Q.

Note that some spectrum chunks may not be allocated to
any provider. Each provider submits a bid for all possible
outcomes of the auction (i.e., for each possible value of the
allocation vector q). The bid of a provider i for a specific
allocation vector q is denoted as bi(q) and is the total amount
that the provider i is willing to pay to the spectrum seller
if the outcome of the auction is the vector q. The optimal
allocation is the one that maximizes the sum of the bids
of all providers. The cost that a provider pays is equal to
the externality it causes to other providers. This externality
is the total utility reduction that is caused by that provider
(e.g., provider i) and is computed as follows: Let q∗ be the
optimal allocation of spectrum and q the optimal allocation
without considering the participation of the provider i in
the auction. The cost that the provider i pays is equal to∑
j 6=i bj(q)−

∑
j 6=i bj(q

∗). The total amount of spectrum that
is allocated to a provider in the auction is divided equally
among its BSs in the region of interest.

It has been proven that the VCG auctions are truthful
[41], i.e., the best strategy for a provider is to submit its true
willingness to pay. However, one of the drawbacks of the
VCG mechanism is its computational complexity. Specifi-
cally, each provider should submit a bid for each possible
allocation of spectrum. The number of allocations increases
exponentially with the number of spectrum chunks. In
practice, a small number of chunks is selected (e.g., around
8) to reduce the computational requirements. Determining
the optimal bidding strategy of a provider in VCG auctions
requires the estimation of the market equilibriums for all
possible allocations of spectrum. The estimation of these
equilibriums imposes a significant computational burden
due to the large size of the networks of providers. Even
if the additional spectrum is purchased at a specific region,

in order to obtain the necessary information to determine
the market equilibriums, we have to take into account the
entire network of BSs. To overcome such problems, aggre-
gation methodologies can be applied in order to reduce the
computational complexity of the analysis. In the following
subsection, we present a novel aggregation method based
on the theorem of Norton.

5.1 Aggregations in large-scale markets

To reduce the computational complexity of the bid esti-
mation in VCG auctions, a queueing network aggregation
methodology based on the theorem of Norton [10] can be
applied. This methodology proceeds as follows: First, the
network of a provider is divided into two parts, the region
of interest (in which the additional spectrum is purchased)
and the remaining area. Then, appropriate Poisson sources
are estimated modeling the input traffic from the BSs of
the remaining area to the BSs of the region of interest. The
equivalent network of the region of interest is formed by
the subgraph of the original network that contains only the
BSs of the region of interest adding the Poisson sources
modeling the input traffic from the remaining area. Bellow
the procedure is described in more detail.

Constructing the equivalent queueing network of the region
of interest. Consider the network of a provider and let
s = {M1, ...,Mn} be the subset that contains the BSs of
the region of interest and ŝ = {1, ...,K} be the subset
that contains all BSs in the remaining area. The first step
of the algorithm constructs a reduced queueing network of the
remaining area in which all BSs of the region of interest are
removed one by one by a “shortening” process. Each time a
BS is removed, the service rate of its corresponding queue
is set equal to infinity (i.e., all input traffic is immediately
forwarded to the output of the queue). This is performed in
n phases. At the l-th phase, the BS Ml is removed and only
the BSs ŝ ∪ {Ml+1, ...,Mn} remain present. The transition
probability matrix P (l) and new session arrival rates at the
l-th phase are estimated based on the following recursive
formulas:

p
(l)
k,v = p

(l−1)
k,v +

p
(l−1)
k,Ml

p
(l−1)
Ml,v

1− p(l−1)Ml,Ml

(20)

a
(l)
ik = a

(l−1)
ik + a

(l−1)
iMl

p
(l−1)
Ml,k

1− p(l−1)Ml,Ml

(21)

At the end of the n-th phase, the reduced queueing net-
work of the remaining area has been constructed and the
corresponding traffic equations for this network (Eq. 1) are
solved to estimate the total input traffic of each BS k ∈ ŝ of
the remaining area (i.e., γ̂ik) and the corresponding traffic
intensity (i.e., ρ̂ik). Then, for each BS of the region of interest
Mt ∈ s, the Poisson source that models the input traffic from
the remaining area has a rate of

∑
k∈ŝ γ̂ikpk,Mt

. An example
of the construction of the reduced network is shown in Fig.
9. At the first phase, the BS 1 is removed (in the middle).
The new transition and session arrival rates (e.g., p(1)2,2, a

(1)
i2 )

are computed based on Eqs. 20 and 21. At the second phase,
the BS 2 is removed and the reduced network is formed (at
the right).
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Fig. 9: Example of the construction of the reduced network.

The construction of the equivalent queueing network of
the region of interest is performed as follows: A subgraph
of the original queueing network of the provider is selected
that contains only the BSs of the region of interest. Then, at
each BS of this region, the corresponding Poisson source that
models the input traffic from the remaining area (computed
earlier) is added to the total input traffic of that BS. By
solving the traffic equations of this network, we can com-
pute the traffic intensity that corresponds to each station
Mt ∈ s of the region of interest (i.e., ρiMt

). Based on the
traffic intensities of the BSs in the region of interest and the
traffic intensities of the BSs in the remaining area, we can
compute models for the average and spatial variance of the
achievable data rate (i.e., according to Eqs. 4 and 5).

When the amount of the additional purchased spectrum
in the region of interest changes, we modify the equivalent
queueing network of this region accordingly. Specifically,
we divide the additional purchased spectrum to the BSs of
the region of interest. To estimate the average and spatial
variance of data rate, we only need to solve the traffic
equations of the modified queueing network of the region
of interest and keep the traffic intensities corresponding to
the BSs of the remaining area unchanged.

As mentioned earlier, determining the optimal bidding
strategy of a provider in VCG auctions requires the estima-
tion of the market equilibriums for all possible allocations of
spectrum. Specifically, for each allocation, a provider should
apply the methodology of Fig. 2 to estimate new models for
the average and variance of data rate. This methodology
involves the solution of the traffic equations (Eq. 1). Given
that most types of auctions in secondary spectrum markets
are combinatorial, this system should be solved for a large
number of times.

To improve the computational efficiency of the bid es-
timation, we can apply the theorem of Norton. The com-
putational complexity of solving the traffic equations for
the entire networks of providers is of O(K3

i ), where i
is the provider with the largest number of BSs. For M
possible allocations of spectrum, the total complexity of
estimating the bidding strategy of a provider is equal to
O
(
M ∗ (Ki

3 + E)
)
, where E is the complexity of esti-

mating the market equilibriums. On the other hand, if
there is a single congested region in which the largest
subnetwork of providers has kj BSs, then by applying the
theorem of Norton, the computational complexity becomes
O
(
M ∗ (kj

3 + E)
)
. Usually, Ki is much larger than kj indi-

cating that the application of the theorem of Norton results
in significant computational gains.

6 ANALYSIS OF A VCG SPECTRUM AUCTION

We studied the problem of capacity planning in the network
topology of Section 4. We divided this topology into 9
regions and set the parameter s of the Zipf distribution
characterizing the network heterogeneity equal to 0.075.
This corresponds to its center region to be congested. Then,
we varied the user session generation rate from 0 to 1.5
sessions/hour and performed a VCG spectrum auction in
the central region. We also defined different scenarios with
respect to the amount of available spectrum for sale (BW)
and weight of data rate variability in the user utility function
(wV ). The term BW defines the additional bandwidth per
BS that corresponds to the available spectrum for sale. The
results are illustrated in Fig. 10.

In general, the spectrum auction is beneficial only when
the user traffic demand is large (i.e., when there are dis-
connected users in the market). In the case of low user
traffic demand (i.e., there are no disconnected users), the
additional amount of spectrum intensifies the competition
of providers, reducing prices and revenue. In such cases, it is
not profitable for providers to participate in the auction and
the additional revenues of all providers and the spectrum
seller is equal to 0. In cases with disconnected users, the
spectrum auction is always profitable.

Interestingly, when the weight of data rate variability
(wV ) is equal to 0, each provider gets almost no additional
revenue from the auction and all the profit is collected by
the spectrum seller (Fig. 10a). In this case, the increase of the
average data rates of providers due to the extra spectrum
is similar resulting in similar bids. Therefore, based on
the charging scheme of the VCG auction (Section 5), the
winner achieves a very small revenue. When the wV is
increased, the profits are divided among the spectrum seller
and providers in a more fair manner (Figs. 10b and 10c).
A provider is not interested in acquiring all the available
spectrum but only such an amount that will minimize its
data rate variability. This lessens the competition resulting
in multiple winners in the auction each of which achieves
additional revenue.

An increase in the amount of spectrum to be auctioned
results in an increase of the total revenues of the spectrum
seller and providers (Figs. 10c - 10e). Interestingly, when the
amount of additional spectrum is above a certain threshold,
the revenue of the spectrum seller decreases (Fig. 10e), while
the revenues of providers increase. As mentioned earlier,
providers are interested in acquiring such an amount of
spectrum that will minimize their data rate variability. The
more is the available spectrum, the weaker the competition.
This results in an advantage for providers over the spectrum
seller. In general, it is in the interest of the spectrum seller to
offer such an amount of spectrum that will keep the compe-
tition of providers intense to achieve a high revenue. Finally,
Fig. 10f presents the perspective of users. As expected,
when the amount of spectrum to be auctioned increases,
the decrease in the percentage of disconnected users is more
prominent. Furthermore, an increase in the weight of the
data rate variability also results in a larger reduction of
disconnected users. The additional bandwidth at the central
region improves the variance of data rate increasing the user
utility. This increase in the user utility becomes larger when
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Fig. 10: Performance of a VCG spectrum auction. (a)-(e) Revenue of providers and spectrum seller for different cases of
auctioned spectrum (BW) and weight of data rate variability (wV ). (f) Decrease in the percentage of disconnected users.

the weight of data rate variability increases leading to a
larger reduction of the percentage of disconnected users.

To reduce the computational complexity of the bid es-
timation in the VCG auction, we employed the network
aggregation method based on the theorem of Norton. Our
analysis indicates that this method reduces the execution
time of the estimation of the QoS by 83%. The error of this
estimation is on the order of 0.019 Mbps and 0.01 Mbps2

for the average and variance of data rate, respectively. These
results indicate that the application of the network aggrega-
tion method based on the theorem of Norton significantly
reduces the computational complexity, while it achieves a
high level of accuracy in the estimation of the QoS.

7 CONCLUSIONS AND FUTURE WORK

Our proposed game-theoretical modeling framework con-
siders different user traffic demand, mobility, and service
utility patterns. It models the competition and cooperation
across providers. It also contributes with a novel method-
ology and algorithm for the analytical estimation of the
NEs of these games (for the case that the derivatives of
the utility functions are not continuously differentiable).
Furthermore, it comparatively analyses scenarios of markets
in which providers are fully competitive with ones in which
providers cooperate to optimize a common objective. Our
framework estimates the QoS based both on the average and
spatial variance of the achievable data rate. The analysis has
demonstrated that the QoS is an important parameter of
the user utility function which can reduce the intensity of
competition and allow for higher prices and revenue.

To address the computational complexity of the analysis
of large-scale markets, we proposed an innovative network

aggregation algorithm based on the theorem of Norton.
The algorithm constructs equivalent networks for a specific
region of interest omitting the details of the entire networks
of providers. This network aggregation algorithm achieves
significant computational gains, while maintaining a high
level of accuracy. To demonstrate the benefits of the model-
ing framework and aggregation algorithms, we focused on
the problem of capacity planning. Specifically, we consid-
ered a secondary spectrum market in which providers buy
additional spectrum to alleviate the congestion in specific
parts of their infrastructure. The analysis also highlights the
important role of the user utility function and especially of
the spatial variability of data rate on the revenues of the
spectrum seller and providers. The modeling framework
can be extended for the analysis of various partnerships
between providers, MVNOs, femtocells, and data offloading
scenarios. Our long-term objective is the generalization of
the modeling framework to be also applied in other do-
mains that involve resource-constrained infrastructures and
markets (e.g., cloud-computing services, smart grids).
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APPENDIX A
ESTIMATION OF THE USER NE
For each user NE z∗ = (z∗0 , z

∗
1 , ..., z

∗
I ), we can prove the

following lemmas:

Lemma 1: All strategies with a strictly positive market share
at a user NE z∗ should correspond to the same utility.
Proof: If the Lemma 1 does not hold, there will exist at
least two strategies i, j with a strictly positive market share
such that ui(z∗i ; c) > uj(z

∗
j ; c). Users that have selected the

strategy j would have the incentive to select the strategy i
as it offers a higher utility. This contradicts the definition of
a NE.

Lemma 2: All strategies with a market share of 0 at a user
NE z∗ should correspond to a utility that is lower than or
equal to the utility of the strategies with a strictly positive
market share.
Proof: If the Lemma 2 does not hold, there will be at least
two strategies i, j such that the strategy i has a market
share of 0 (i.e., z∗i = 0) and the strategy j has a strictly
positive market share (i.e., z∗j > 0) and ui(z∗i ; c) > uj(z

∗
j ; c).

Users that have selected the strategy j would have the
incentive to select the strategy i as it offers a higher utility.
This contradicts the definition of a NE.

Lemma 3: At a user NE z∗, we can divide the set of strategies
H into two disjoint subsets X and Y , such that: (i) X is non-
empty, (ii) all strategies in X correspond to the same utility,
(iii) all strategies in Y correspond to a market share of 0.
The pair X and Y is not necessarily unique.
Proof: For a user NE z∗, we will construct two sets X and
Y that satisfy the conditions of the Lemma 3. The set of
all strategies with a strictly positive market share at z∗ is
non-empty (given that

∑
j∈H z

∗
j = 1) and is denoted as X1.

Based on the Lemma 1, all strategies inX1 correspond to the
same utility (U ). All other strategies in H −X1 correspond
to a market share of 0. Therefore, according to the Lemma
2, all strategies in H − X1 correspond to a utility that is
lower than or equal to U . We divide the set H − X1 into
two subsets, one containing the strategies with utility equal
to U and one containing the strategies with utility strictly
lower than U (denoted asX2 andX3, respectively). For each
subset S ⊆ X2, we can define the sets X = X1 ∪ S and
Y = (X2 − S)∪X3. The set X is non-empty (given that X1

is non-empty) and all strategies in X correspond to a utility
equal to U . All strategies in Y correspond to a market share
of 0. Therefore, the setsX and Y satisfy the conditions of the
Lemma 3. If X2 = ∅, then based on the above construction
process, the sets X and Y are unique. Otherwise, they are
not unique.

APPENDIX B
UNIQUENESS OF USER NE
As mentioned in Section 3.2, every population game admits
at least one NE (as can be proven by applying Kakutani’s
fixed point theorem). Now, we will prove the uniqueness of
the user NE for each price vector c of providers in the case
that the functions ui(zi; c) are strictly decreasing in zi.

Theorem 1: If the utility functions ui(zi; c) are strictly
decreasing in zi, for each price vector c of providers, there
exists a unique user NE.
Proof: First, we will prove that at a user NE z∗, all strategies
with a strictly positive market share should correspond to
the same utility. If this is not true, then there will be two
strategies k and j with strictly positive market share, such
that uk(z∗k; c) < uj(z

∗
j ; c). This contradicts the definition of

NE at z∗ because users that have selected the strategy k
would have the incentive to select the strategy j as it corre-
sponds to a higher utility. Let us now assume that for a spe-
cific price vector c, there exist multiple user NEs. We select
an arbitrary pair of such equilibriums z+ =

(
z+0 , z

+
1 , ..., z

+
I

)
and z− =

(
z−0 , z

−
1 , .., z

−
I

)
. When a user selects a strategy

that has a strictly positive market share at the equilibrium
z+, it will obtain a utility denoted as U+. Similarly, when a
user selects a strategy with a strictly positive market share
at the equilibrium z−, it will obtain a utility denoted as U−.
If we assume that z+ 6= z−, then there will be two different
strategies k, j ∈ H , such that z+k > z−k and z+j < z−j . First,
given that z+ 6= z−, there will be at least a strategy k ∈ H ,
such that z+k 6= z−k . Without loss of generality, we assume
that z+k > z−k , then:

z+k > z−k ⇒ 1− z+k < 1− z−k ⇒
∑
i 6=k

z+i <
∑
i 6=k

z−i (22)

We still need to prove that there exists a strategy j 6= k,
such that z+j < z−j . We will prove that by contradiction.
Specifically, we assume that z+i ≥ z−i for all i 6= k. Then,∑
i 6=k z

+
i ≥

∑
i 6=k z

−
i . This contradicts the inequality 22. In

summary, we have proven that if z+ 6= z−, then there will
be two different strategies k, j ∈ H , such that z+k > z−k and
z+j < z−j . We will now distinguish two cases:

Case (a): None of the strategies k, j is the disconnection. As
mentioned earlier, each strategy, except the disconnection,
has a strictly decreasing utility function. Therefore, the
functions uk(zk; c) and uj(zj ; c) are strictly decreasing in
zk and zj , respectively, and it follows that:

z+k > z−k ≥ 0⇒ U+ = uk(z+k ; c) < uk(z−k ; c) ≤ U− (23a)

z−j > z+j ≥ 0⇒ U− = uj(z
−
j ; c) < uj(z

+
j ; c) ≤ U+ (23b)

The final inequality in 23a is true because if z−k > 0, then
uk(z−k ; c) = U− (as shown earlier, all strategies with a
strictly positive market share should correspond to the same
utility, i.e., U−), while if z−k = 0, then uk(z−k ; c) ≤ U−

(otherwise there is a contradiction in the definition of NE at
z−). A similar argument can be made for the final inequality
of 23b. The inequalities 23a and 23b contradict each other.

Case (b): One of the strategies k, j is the disconnection.
Without loss of generality, we assume that k = 0 and j 6= 0.
Given that the utility function uj(zj ; c) is strictly decreasing
in zj , it follows that:

z+0 > z−0 ≥ 0⇒ U+ = u0(z+0 ; c) = u0(z−0 ; c) ≤ U− (24a)

z−j > z+j ≥ 0⇒ U− = uj(z
−
j ; c) < uj(z

+
j ; c) ≤ U+ (24b)

The inequalities 24a and 24b contradict each other. There-
fore, z+ and z− should coincide. We have proven that



16

for each arbitrary pair of user NEs z+ and z− at c, those
equilibriums should coincide. Therefore, each price vector c
corresponds a unique user NE.

APPENDIX C
THE GNEP PROBLEM

Consider the game of providers with its set of strategies
restricted in the region 1. This region corresponds to an
orthogonally convex set5 A1 ⊂ C that can be defined by
a number of inequalities. The orthogonal convexity of the
regions 1 and 2 is proven in the Appendix E.

A1 =
{
c ∈ C : g1j (c) ≤ 0,∀j ∈ {1, ..., 2I + 1}

}
(25)

Each provider i ∈ P is characterized by its utility
function σ1

i : A1 → R which is restricted on the set A1.
A strategy profile c ∈ A1 is a vector containing the prices
offered by all providers and can be annotated as (ci, c−i),
where ci is the price of the provider i and c−i is a vector
containing the prices of all other providers except i. To
proceed with the analysis, we make the following assump-
tion: σ1

i (·, c−i) and g1j (·, c−i) are continuously differentiable
∀c−i, i = 1, ..., I, j = 1, ..., 2I + 1.

A game satisfying the above condition is annotated as
Γ1 = (P,A1, {σ1

i }i∈P ). One necessary and sufficient condi-
tion for a point c∗ ∈ A1 to be a Nash equilibrium of the
game Γ1 is that for each provider i, its chosen strategy (c∗i )
is a best response to the strategies of all other providers.

σ1
i (c∗i , c

∗
−i) ≥ σ1

i (ci, c
∗
−i), ∀ci ∈ X1

i (c∗−i) (26)

The set X1
i (c∗−i) contains all possible prices that can be of-

fered by the provider iwhen the prices of all other providers
are c∗−i (X1

i (c∗−i) = {ci : (ci, c
∗
−i) ∈ A1}). In general, the

price of a provider i ∈ P at the Nash equilibrium c∗ can be
determined by solving the following optimization problem.

minimize
ci∈X1

i (c
∗
−i)

− σ1
i (ci, c

∗
−i)

subject to g1j (ci, c
∗
−i) ≤ 0, j = 1, . . . , 2I + 1.

(27)

The Lagrange function of the problem is defined in Eq. 28.

L1
i (ci, c

∗
−i, λi) = −σ1

i (ci, c
∗
−i) +

2I+1∑
j=1

λijg
1
j (ci, c

∗
−i) (28)

The vector λi = (λi1, λi2..., λi2I+1) contains the Lagrange
multipliers that correspond to all inequality constraints. The
KKT conditions for the problem (27) are defined in detail in
the system 29.

∂L1
i (ci, c

∗
−i, λi)

∂ci
= 0

g1j (ci, c
∗
−i) ≤ 0, j = 1, . . . , 2I + 1

λij ≥ 0, j = 1, . . . , 2I + 1

λijg
1
j (ci, c

∗
−i) = 0, j = 1, . . . , 2I + 1

(29)

5. A set S in the Euclidean space is called orthogonally convex, if any
segment parallel to any of the coordinate axes connecting two points of
S lies totally within S.

We can now combine the KKT conditions of the optimiza-
tion problems of individual providers to the general system
30.

∂L1
i (c, λi)

∂ci
= 0, i = 1, . . . , I (30a)

g1j (c) ≤ 0, j = 1, . . . , 2I + 1 (30b)

λij ≥ 0, i = 1, . . . , I and j = 1, . . . , 2I + 1 (30c)

λijg
1
j (c) = 0, i = 1, . . . , I and j = 1, . . . , 2I + 1 (30d)

The NEs of the game of providers restricted in the region
1 can either lie in the interior of the region 1 or at the
surface separating the regions 1 and 2. All local maxima
of the utility function of each individual provider (solu-
tions of the problem 27) at these sets of points satisfy the
LICQ constraint qualification. Therefore, the conditions of
the system 30 are satisfied at each pure-strategy NE of the
game of providers restricted in the region 1 [34]. A similar
argument can be made for the game of providers restricted
in the region 2.

APPENDIX D
ESTIMATION OF THE DERIVATIVES OF THE UTILITY
FUNCTIONS OF PROVIDERS

In the region 1, the user NE z∗(c) corresponds to the solution
of Eqs. 8, i.e. to z1(c). Therefore, the derivatives of the
provider utility functions in the region 1 are derived as
follows:

∂σ1
i (c)

∂ci
= N

∂z1i (c)

∂ci
ci +Nz1i (c) (31)

Given that the user NE z1(c) is estimated numerically, no
closed-form solution can be determined for the function
∂z1i (c)
∂ci

and therefore, for the function ∂σ1
i (c)
∂ci

. However, the
user NE at the region 1 satisfies the Eqs. 8:

ui(z
1
i (c); c) = u1(z11(c); c) ∀i ∈ {2, ..., I} ⇒

gi(z
1
i )− wP ci = g1(z11)− wP c1 (32)

In Eq. 32, gi(z1i ) = f
(
Ri(z

1
i )
)
− wV Vi(z

1
i ). Now, we will

differentiate Eq. 32 with respect to ck:

∂gi(z
1
i )

∂z1i

∂z1i (c)

∂ck
− wP

∂ci
∂ck

=
∂g1(z11)

∂z11

∂z11(c)

∂ck
− wP

∂c1
∂ck

Based on Eqs. 8, z11 = 1 −
∑I
j=2 z

1
j . We substitute this

expression in the above equation.

∂gi(z
1
i )

∂z1i

∂z1i (c)

∂ck
− wP

∂ci
∂ck

=

− ∂g1(z11)

∂z11

I∑
j=2

∂z1j (c)

∂ck
− wP

∂c1
∂ck
∀i ∈ {2, ..., I} (33)

Note that in Eq. 33, all terms are known except from the

terms
∂z1j (c)

∂ck
for j ∈ {2, ..., I}. Therefore, it is a linear system

of I−1 equations with I−1 unknowns. Similar systems can
be defined for all k ∈ {1, ..., I}. By solving these systems
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of equations, we estimate the values of ∂z1i (c)
∂ci

needed for
the estimation of the derivatives of the utility functions of
providers (Eq. 31). The derivatives of the provider utility
functions in the region 2 are estimated similarly.

APPENDIX E
ORTHOGONAL CONVEXITY OF REGIONS 1 AND 2

As mentioned in the Appendix C, for the formulation of
the GNEP problems that correspond to the regions 1 and
2, it is required that these regions are orthogonally convex.
The orthogonal convexity of these regions is proven by the
following theorems.

Theorem 1: The region 2 is orthogonally convex.
Proof: Consider two price vectors ca = (c1, ..., c

a
i , ..., cI) and

cb = (c1, ..., c
b
i , ..., cI) in the region 2 (i.e., ca, cb ∈ A2)

with cbi > cai (Fig. 11). The vector ca differs from cb only
in the price of the provider i. Take an arbitrary point
c = (c1, ..., ci, ..., cI) on the line segment connecting ca and
cb. We will prove that this point belongs in the region 2.

* *𝑐𝑏𝑐𝑎 𝑐

Axis of prices of provider 𝑖

Region 2

Fig. 11: The vectors ca, cb, and c.

Given that ca, cb ∈ A2, there exist two market share
vectors that are NEs of the game of users at ca and cb, respec-
tively. At these NEs, the utilities of all strategies are equal to
0 (case b of Section 3.2.1). We denote these vectors as z+ =
(z+0 , z

+
1 , ..., z

+
i , ..., z

+
I ) and z− = (z−0 , z

−
1 , ..., z

−
i , ..., z

−
I ).

The vector z+ is the one in which the market share of the
provider i is the largest (i.e., z+i > z−i ) 6 and corresponds
to one of the price vectors ca or cb which we denote as c+,
while the other is denoted as c−. The price vectors c+ and
c− (i.e., ca and cb) belong in the region 2 and therefore,
the utilities of all strategies at the equilibriums z+ and z−

are equal to zero (see case b in Section 3.2.1). Based on the
definition of the user utility function (Eq. 6), the following
equations are derived:

f
(
Ri(z

+
i )
)
− wV Vi(z+i ) = wP c

+
i (34a)

f
(
Ri(z

−
i )
)
− wV Vi(z−i ) = wP c

−
i (34b)

We define a new function gi(zi) = f (Ri(zi)) − wV Vi(zi).
This function is continuous. Specifically, f (Ri(zi)) is con-
tinuous as a composite of the continuous functions f(x)
and Ri(zi). Furthermore, gi(zi) is continuous as the sum
of the continuous functions f (Ri(zi)) and −wV Vi(zi). Ac-
cording to the intermediate value theorem, there exists a
zi ∈ [z−i , z

+
i ] such that gi(zi) = wP ci. We can now construct

6. Note that z+i and z−i cannot be equal because in such a case, the
utility that corresponds to the strategy i could not be equal to zero at
both z+ and z−.

a market share vector z∗ which is a NE of the game of users
at c as follows:

z∗ = (z∗0 , z
∗
1 , ..., z

∗
i , ..., z

∗
I ) =1−

∑
j 6=0,i

z+j − zi, z
+
1 , ..., zi, ..., z

+
I

 (35)

It is evident that
∑I
j=0 z

∗
j = 1. Furthermore, z∗j ≥ 0 for

j 6= 0, i as part of the user NE at c+, z∗i = zi ≥ z−i ≥ 0,
and z∗0 = 1 −

∑
j 6=0,i z

+
j − zi ≥ 1 −

∑
j 6=0 z

+
j = z+0 ≥ 0. In

summary, z∗ is a valid probability distribution and when
the market share of users becomes equal to z∗ at c, the
utilities of all strategies become equal to 0 (i.e., it satisfies
the conditions of Eqs. 10 and 11). Therefore, c belongs in
the region 2. A similar argument can be made for all other
points on the line segment connecting ca and cb. Therefore,
the entire line segment is included in the region 2. This
proves that the region 2 is orthogonally convex.

Theorem 2: If the utility functions ui(zi; c) are strictly de-
creasing in zi, the region 1 is orthogonally convex.
Proof: Consider two price vectors c+ = (c1, ..., c

+
i , ..., cI)

and c− = (c1, ..., c
−
i , ..., cI) belonging in the region 1 (c+,

c− ∈ A1). The vector c+ differs from c− only in the price of
the provider i and we assume that c+i > c−i (Fig. 12). Take
an arbitrary point c = (c1, ..., ci, ..., cI) on the line segment
connecting c+ and c−. We will prove that this point also
belongs in the region 1.

* *𝑐+𝑐− 𝑐

Axis of prices of provider 𝑖

Region 1

Fig. 12: The vectors c+, c−, and c.

Given that c+, c− ∈ A1, there exist two market
share vectors z+ = (z+0 , z

+
1 , ..., z

+
i , ..., z

+
I ) and z− =

(z−0 , z
−
1 , ..., z

−
i , ..., z

−
I ) that are NEs of the game of users at

c+ and c−, respectively. Additionally, the market share of
the disconnection at these equilibriums is equal to zero (i.e.,
z+0 = 0, z−0 = 0) (see case a in Section 3.2.1). At the point c,
there exists a unique user NE z∗ (proven in the Appendix B).
We will distinguish cases for this NE. First, we will assume
that this equilibrium contains positive market share for the
disconnection (i.e., z∗0 > 0). Given that z∗0 > 0, there exists a
strategy j ∈ {1, ..., I} such that z+j > z∗j . This can be easily
proven by contradiction. If j = i, then:

z+i > z∗i , c
+
i > ci ⇒

ui(z
∗
i ; ci) > ui(z

+
i ; ci) > ui(z

+
i ; c+i ) (36)

Given that the disconnection has a strictly positive market
share at z∗, then according to the Lemmas 1 and 2 of the
Appendix A, it follows that ui(z∗i ; ci) ≤ 0 and based on the
inequalities 36 ui(z+i ; c+i ) < 0. This contradicts the defini-
tion of NE at c+ because users that have selected the strategy
i would have the incentive to select the disconnection as it
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offers higher utility compared to the strategy i 7. If j 6= i,
then:

z+j > z∗j ⇒ uj(z
∗
j ; cj) > uj(z

+
j ; cj) (37)

Given that the disconnection has a strictly positive market
share at z∗, it follows that uj(z∗j ; cj) ≤ 0. Therefore, based
on the inequality 37 uj(z+j ; cj) < 0. This also contradicts the
definition of NE at c+. In summary, at c, it is not possible for
a NE to have a positive market share for the disconnection
(i.e., z∗0 = 0).

We will now prove that at z∗, the subscriptions of all
providers correspond to the same utility. According to the
Lemmas of the Appendix A, all strategies with a strictly
positive market share at z∗ correspond to the same utility
(U ). We divide the set of strategies H−{0} into two subsets
X and Y , such that, X contains all strategies with utility
equal to U and Y contains all strategies with utility strictly
lower than U , at z∗. Note that, at z∗, there are no strategies
with utility larger than U . Additionally, all strategies in Y
correspond to a market share of 0. Otherwise, there would
be a contradiction in the definition of NE. Let us now
assume that not all subscriptions of providers correspond
to the same utility, at z∗. Then, the set Y will be non-empty.
If i ∈ Y , then:

z+i ≥ z
∗
i = 0, c+i > ci ⇒

U > ui(z
∗
i ; ci) ≥ ui(z+i ; ci) > ui(z

+
i ; c+i ) (38)

Given that c+ belongs in the region 1, at z+, the subscrip-
tions of all providers correspond to the same utility (see case
a in Section 3.2.1). Therefore, ui(z+i ; c+i ) = uk(z+k ; ck) for all
k ∈ X . Furthermore, at z∗, all strategies in X correspond
to utility equal to U (i.e. uk(z∗k; ck) = U for all k ∈ X). By
substituting the above expressions in Eq. 38, it follows that:

U = uk(z∗k; ck) > uk(z+k ; ck) ∀k ∈ X ⇒
z∗k < z+k ∀k ∈ X ⇒

∑
k∈X

z∗k <
∑
k∈X

z+k (39)

However, at z∗, all strategies with a strictly positive market
share belong in X and therefore

∑
k∈X z

∗
k = 1. Based on Eq.

39, it follows that
∑
k∈X z

+
k > 1 which is a contradiction. If

i ∈ X , then we distinguish two additional cases:
Case (a): There exists a strategy k ∈ Y such that, z−k > 0.

In this case, we can easily prove by contradiction that there
exists another strategy j ∈ X such that, z∗j > z−j .

If j = i: z∗i > z−i , ci > c−i ⇒ ui(z
∗
i ; ci) < ui(z

−
i ; c−i ) (40a)

If j 6= i: z∗j > z−j ⇒ uj(z
∗
j ; cj) < uj(z

−
j ; cj) (40b)

Given that c− belongs in the region 1, at z−, the subscrip-
tions of all providers correspond to the same utility (see case
a in Section 3.2.1). Therefore, uj(z−j ; cj) = ui(z

−
i ; c−i ) =

uk(z−k ; ck). Based on Eqs. 40, it follows that uj(z∗j ; cj) <

uk(z−k ; ck). However, the strategy k belongs in Y and its
market share is equal to 0 at z∗ (i.e., z∗k = 0). Therefore,
z−k > 0 = z∗k ⇒ uk(z−k ; ck) < uk(z∗k; ck). By combining the
above expressions, it follows that uj(z∗j ; cj) < uk(z∗k; ck).

7. Note that in Eq. 6, the utility that corresponds to a provider
i ∈ {1, ..., I} depends only on the market share (zi) and price (ci) of
that provider. To simplify the analysis in this proof, we will denote the
utility that corresponds to a provider i as ui(zi; ci) instead of ui(zi; c).

This contradicts the definition of NE at z∗ because users
that have selected the strategy j would have the incentive
to select the strategy k as it offers higher utility.

Case (b): z−k = 0 for all strategies k ∈ Y . In this case,
all strategies k ∈ Y correspond to a market share of 0 at
both z∗ and z−. Therefore, uk(z∗k; ck) = uk(z−k ; ck) for all
k ∈ Y . Furthermore, given that c− belongs in the region
1, at z−, the subscriptions of all providers correspond to
the same utility, i.e., uk(z−k ; ck) = ui(z

−
i ; c−i ) = uj(z

−
j ; cj)

for all j ∈ X − {i}. By combining the above equations, it
follows that uk(z∗k; ck) = ui(z

−
i ; c−i ) = uj(z

−
j ; cj) for all

j ∈ X −{i}. Furthermore, at z∗, the utilities of all strategies
in Y are strictly lower than the utility of strategies in X , i.e.,
uk(z∗k; ck) < uj(z

∗
j ; cj) for all j ∈ X . Based on the above

expressions, it follows that uj(z∗j ; cj) > uj(z
−
j ; cj) for all

j ∈ X−{i}. Additionally, given that c−i < ci, it follows that
ui(z

∗
i ; ci) > ui(z

−
i ; c−i ) > ui(z

−
i ; ci). Therefore, uj(z∗j ; cj) >

uj(z
−
j ; cj), for all j ∈ X . However, the functions uj(zj ; cj)

are strictly decreasing with respect to zj and therefore:

z∗j < z−j ∀j ∈ X ⇒
∑
j∈X

z∗j <
∑
j∈X

z−j (41)

Given that the set X contains all strategies with strictly
positive market share at z∗, it follows that

∑
j∈X z

∗
j = 1.

If we substitute this expression in Eq. 41,
∑
j∈X z

−
j > 1.

This is a contradiction. In summary, at z∗, the utilities of
all subscriptions are the same and the market share of the
disconnection is equal to 0. Therefore, c belongs in the
region 1. A similar argument can be made for all other
points on the line segment connecting c+ and c−. Therefore,
the entire line segment is included in the region 1. This
proves that the region 1 is orthogonally convex.

APPENDIX F
ESTIMATION OF GLOBAL NES

Let us denote the sets of price vectors that correspond
to the regions 1 and 2 as A1 and A2, respectively.
The games of providers restricted in these regions
can be then defined as Γ1 =

(
P,A1, {σ1

i }i∈P
)

and
Γ2 =

(
P,A2, {σ2

i }i∈P
)
, respectively. A more general game

Γ = (P,A1 ∪A2, {σi}i∈P ) that is restricted on the union of
the regions 1 and 2 can now be formed. The following set
of theorems relate the NEs of the game Γ with the NEs of
the games Γ1 and Γ2.

Theorem 1: A point c∗ ∈ A1 ∩ A2 is a NE of the game Γ, if
and only if, it is a NE of the games Γ1 and Γ2.
Proof: Assume that a point c∗ ∈ A1 ∩A2 is a NE of the game
Γ. This implies the following inequalities.

σi(c
∗
i , c
∗
−i) ≥ σi(ci, c∗−i), ∀ci ∈ Xi(c

∗
−i) (42)

The set Xi(c
∗
−i) contains all possible prices that can be

offered by the provider i ∈ P when the prices of all other
providers are c∗−i (Xi(c

∗
−i) = {ci : (ci, c

∗
−i) ∈ A1 ∪ A2}). If

we define X1
i (c∗−i) = {ci : (ci, c

∗
−i) ∈ A1} and X2

i (c∗−i) =
{ci : (ci, c

∗
−i) ∈ A2} as the sets of prices that can be offered

by the provider i at the games Γ1 and Γ2, respectively, when
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the prices of all other providers are c∗−i, we deduce the
following inequalities.

σ1
i (c∗i , c

∗
−i) ≥ σ1

i (ci, c
∗
−i), ∀ci ∈ X1

i (c∗−i)

σ2
i (c∗i , c

∗
−i) ≥ σ2

i (ci, c
∗
−i), ∀ci ∈ X2

i (c∗−i)
(43)

Therefore, c∗ is a NE of the games Γ1 and Γ2. Let us now
consider the reverse statement and assume that a point c∗ ∈
A1 ∩ A2 is a NE of the games Γ1 and Γ2. This implies the
following inequalities.

σ1
i (c∗i , c

∗
−i) ≥ σ1

i (ci, c
∗
−i), ∀ci ∈ X1

i (c∗−i)

σ2
i (c∗i , c

∗
−i) ≥ σ2

i (ci, c
∗
−i), ∀ci ∈ X2

i (c∗−i)
⇒ (44)

σi(c
∗
i , c
∗
−i) ≥ σi(ci, c∗−i), ∀ci ∈ X1

i (c∗−i) ∪X2
i (c∗−i)⇒ (45)

σi(c
∗
i , c
∗
−i) ≥ σi(ci, c∗−i), ∀ci ∈ Xi(c

∗
−i) (46)

Therefore, the point c∗ is a NE of the game Γ.

Theorem 2: A point c∗ ∈ A1\A2 is a NE of the game Γ,
if and only if, it is a NE of the game Γ1 and the following
conditions are true.

σ1
i (c∗i , c

∗
−i) ≥ σ2

i (ci, c
∗
−i), ∀ci ∈ X2

i (c∗−i), ∀i ∈ P. (47)

Proof: Assume that a point c∗ ∈ A1\A2 is a NE of the game
Γ. This implies the following inequalities.

σi(c
∗
i , c
∗
−i) ≥ σi(ci, c∗−i), ∀ci ∈ Xi(c

∗
−i)⇒ (48)

σ1
i (c∗i , c

∗
−i) ≥ σ1

i (ci, c
∗
−i), ∀ci ∈ X1

i (c∗−i)

σ1
i (c∗i , c

∗
−i) ≥ σ2

i (ci, c
∗
−i), ∀ci ∈ X2

i (c∗−i)
(49)

Therefore, the point c∗ is a NE of the game Γ1 and
σ1
i (c∗i , c

∗
−i) ≥ σ2

i (ci, c
∗
−i), ∀ci ∈ X2

i (c∗−i). Let us now
consider the reverse statement and assume that a point
c∗ ∈ A1\A2 is a NE of the game Γ1 and σ1

i (c∗i , c
∗
−i) ≥

σ2
i (ci, c

∗
−i), ∀ci ∈ X2

i (c∗−i). Then, we can deduce the fol-
lowing inequalities.

σ1
i (c∗i , c

∗
−i) ≥ σ1

i (ci, c
∗
−i), ∀ci ∈ X1

i (c∗−i)

σ1
i (c∗i , c

∗
−i) ≥ σ2

i (ci, c
∗
−i), ∀ci ∈ X2

i (c∗−i)
⇒ (50)

σi(c
∗
i , c
∗
−i) ≥ σi(ci, c∗−i), ∀ci ∈ X1

i (c∗−i) ∪X2
i (c∗−i)⇒ (51)

σi(c
∗
i , c
∗
−i) ≥ σi(ci, c∗−i), ∀ci ∈ Xi(c

∗
−i) (52)

Therefore, the point c∗ is a NE of the game Γ.

Theorem 3: A point c∗ ∈ A2\A1 is a NE of the game Γ,
if and only if, it is a NE of the game Γ2 and the following
conditions are true.

σ2
i (c∗i , c

∗
−i) ≥ σ1

i (ci, c
∗
−i), ∀ci ∈ X1

i (c∗−i), ∀i ∈ P. (53)

Proof: Similar as Theorem 2.


